
Properties of Triangles 

    iñsûµÀY lûµ±¸îvÀ 

1. Sine rule : In ABC, 
Asin 

a = 
Bsin 

b  = 
Csin 

c  = 2R,  R ¶p±¼¶¢Åhµå ¢¸ï«¸±µè0 . 

  a = 2R sin A, b = 2R sin B, c = 2R sin C 

 a : b : c = sin A : sin B : sin C. 

2. Cosine rule : In ABC,  

 a2 = b2 + c2 – 2bc cos A 

 b2 = c2 + a2 – 2ac cos B 

 c2 = a2 + b2 – 2ab cos C 

          or 

 cos A = 
2bc

acb 222  ;  cos B = 
2ca

bac 222  ;  cos C = 
2ab

cba 222     cos A : cos 

B : cos C. 

 = a(b2 + c2 – a2) : b(c2 + a2 – b2) : c(a2 + b2 – c2) 

3.    ABC vÎ 

 a = b cos C + c cos B, b = c cos A + a cos C, c = a Cos B + bcos A 

4. Mollwiede’s rule : In ABC 

 
c

ba   = 

2
Ccos
2

BAsin 

’ 
c

ba   = 

2
Csin
2

BAcos 

 . 

 

5. Tangent rule (or) Napier’s analogy : In ABC 

 
2

BAtan   = 
2
Ccot

ba
ba


 ;  

 
2

CBtan   = 
2
Acot

cb
cb


 ; 

 
2

ACtan   = 
2
Bcot

ac
ac


  

6. i.
2
Asin  = 

bc
c)b)(s(s 

; 
2
Bsin  = 

ca
a)c)(s(s 

; 
2
Csin  = 

ab
b)a)(s(s 

. 

ii. 
2
Acos  = 

bc
)as(s  ; 

2
Bcos  = 

ac
)bs(s  ; 

2
Ccos  = 

ab
)cs(s   
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iii. 
2
Atan  =   

 ass
csbs


  =   


 csbs ; 

2
Btan  =   

 bss
csas


  =    


 csas ; 

 
2
Ctan  =    

 css
bsas


  =    


 bsas iv. 

2
Acot  =  

  csbs
ass


  =  

 ass ; 

 
2
Bcot  =  

  ascs
bss


  =  

 bss ; 

2
Ccot  =  

  bsas
css


  =  

 css  

7. cot A = 
4Δ

acb 222  ; cot B = 
4Δ

bac 222  ; cot C = 
4Δ

cba 222  . 

 

8.   ABC  ËÈ¢¥¹vï0 

i.  = 
2
1 ab sin C = 

2
1 bc sin A = 

2
1 ca sin B 

ii.  =    csbsass  . 

iii.  = 
4R
abc  

iv.  =2R2 sin A sin B sin C  

v.  = rs 

vi.  = 321 r r rr  

9.  iñsûµÀY0  ABC  vÎ 

 i.  r = 
s
 , r1 = 

as 
 , r2 = 

bs 
 , r3 = 

cs 
  

 ii. r = 4R sin
2
A  sin

2
B  sin

2
C  

     r1 = 4R sin
2
A cos cos

2
C  

     r2 = 4R cos
2
A sin

2
B  cos

2
C  

     r3 = 4R cos
2
A cos

2
B sin

2
C  

 iii. r =  as  tan
2
A  =  bs   tan

2
B  = tan  cs 

2
C  

      r1 = s tan 
2
A =  bs  cot

2
C  =  cs cot

2
B   
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      r2 =s tan 
2
B  =  cs   cot

2
A  =  as  cot

2
C  

      r3 = s tan
2
C  =  as  cot

2
B  =  bs  cot

2
A  

10. i) 
r
1  = 

1

1
r

 + 
2

1
r

 + 
3

1
r

 

 ii) rr1r2r3 =  2 

11. i) r1r2 + r2r3 +r3r1 = s2 

  ii) r(r1 + r2 + r3) = ab + bc + ca – s2. 

  i) (r1 – r)(r2 + r3) = a2 

    (r2 – r)(r3 + r1) = b2 

    (r3 – r)(r1 + r2) = c2 

 ii) a = (r2 + r3) 
32

1

rr
rr ,     b = (r3 + r1) 

13

2

rr
rr ,     c = )r1 + r2) 

21

3

rr
rr  

12. i) r1 – r = 4R sin2
2
A ,    r2 – r = 4R sin2

2
B ,     r3 – r = 4R sin2

2
C  

 ii) r1 + r2 = 4R cos2
2
C ,     r2 + r3 = 4R cos2

2
A ,     r3 + r1 = 4R cos2

2
B  

13. r1 + r2 + r3 = 4R, r + r2 + r3 – r1 = 4R cosA, r + r3 + r2 – r2 = 4R cosB,

 r + r1 + r2 – r3 = 4R cosC 

14.   ‘a’   sûµÀY0 S¸ Sµv ¶ª¶¢Às¹¶¬À iñsûµÀY0 vÎ  

 i) area = 
4
a3 2

 ii) R = a / 3  

 iii) r = R / 2  iv) r1 = r2 + r3 = 3R / 2 

 v)  r : R : r1 = 1 : 2 : 3 
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1.  LOµ iñsûµÀY0 ±ÀÇÀÀOµÖ sûµÀY¹vÀ 3,4,5  KhÉ  iñsûµÀY ¶p±¼¶¢Åhµå   ¢¸ï«¸±¸èné 

Oµ¶mÀSÍ¶m0fº.      

Sol.  iñsûµÀY0 ±ÀÇÀÀOµÖ sûµÀY¹vÀ 3,4,5   

2 2 23 4 5        O¸¶¢Á¶m iñsûµÀY0 v0s OÐg iñsûµÀY0 ¶¢À±¼±ÀµÀÀ l¸n £Oµä0 =5 

¶p±¼¶¢Åhµå   ¢¸ï«¸±µç0  =  1 5.
2 2

hypotenuse   

2.  sin sin 0a B C   Cn VµÃ¶pÁ¶¢ÀÀ 

Solutoin: - 

  2 sin sin sin 2 sinR A B C a R A    

       2 sin sin sin sin sin sin sin sin sin 0R A B C B C A C A B       

 

3. 0 03 1 30 45a cms B C       C±ÀÀhÉ n C ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

  0 030 45B C     but 0 0 0180 75 180A B C A       

 0105A   

 0 0

3 1 3 1
1sin sin sin105 sin 45 3 1
22 2

a c C C
A C

 
    

   
     

 

 

4.  a = 2 , b = 3, c = 4 C±ÀÀhÉ  cos A  ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : - 

 OÍËÈª´m ¶ªÃhµñ0 ¶mÀ0fº  
2 2 2

cos
2

b c aA
bc

 
  

 9 16 4 21 7cos cos
2 3 4 24 8

A A 
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5.  a = 26, b = 30 63cos
65

C   C±ÀÀhÉ  n   C ¶mÀ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Solution : - 

 From cosine rule 2 2 2c 2 cosa b ab c    

    2 22 26 30 2 26c      30  63
65

2 676 900 1512

5

c     

 2 64 8c c    

 

6. LOµ iñsûµÀY0 vÑ OÐg¸vÀ 1 : 5 : 6    n¶¨êiå vÎ G0dÉ sûµÀY¹v     n¶¨êiå  

Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Solution : - 

   A = x  B = 5x C = 6x 

   0 0 0180 12 180 15A B C x x        

 0 0 015 5 15 6 15A B C       

 0 0 015 75 90A B C    

 sûµÀY¹v     n¶¨êiå : : 2 sin : 2 sin : 2 sina b c R A R B R C   

  sin : sin : sinA B C  

  0 0 0 3 1 3 1sin15 : sin 75 : sin 90 : :1
2 2 2 2
 

   

     3 1 : 3 1 : 2 2    

7.      2 2 22 cos c cos cosbc A a B ab C a b c      Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

 L.H.S= 2 cos 2 cos 2 cosbc A ca B ab c   

 From cosine rule 
2 2 2 2 2 2

cos cos
2 2

b c a a c bA B
bc ac

   
   

 
2 2 2

cos
2

a b cc
ab

 
  

 2bc
 2 2 2

2

b c a

bc

 
2ac

2 2 2

2
a c b

ac
  2ab

 
 

 

 2 2 2

2

a b c

ab

 
 

 2 2b c 2a 2a 2 2c b  2a 2b 2c 2 2 2a b c    
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8.    
2 2 2

2 2 2
tan
tan

a b c B
c a b C

 


 
 Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

 2 2 2 2 2 2

2 4sin 22tan
cos 2R

2

b
RB b acRB

a c bB a c b
ac

 
 
     
   

 2
4

2R    2 2 2
4abc R

a c b
 

 
  

 2 2 2

4tan B
a c b




 
 2 2 2

4||| tanly C
a b c




 
 

R.H.S 
2 2 22 2 2

2 2 2

2 2 2

4
tan

4tan
B a b ca c b
C a c b

a b c


  

 
  

 

 

9.        cos cos cosb c A c a B a b C a b c         Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

Solution : - 

      cos cos cosb c A c a B a b C      

 cos c cos c cos cos cos cosb A A B a B a c b c      

      cos cos cos cos cos cosb A a B b c c B c A a c      

 c   +a +b {from projection rule} 

 a b c    

9.    cos sin cos sinb a c A a A c   Cn n±µÃ»p0VµÀ¶¢ÀÀ. 

Solution : - 

 £°É¶pg ¶ªÃhµñ0 ¶mÀ0fº  cos cosb a c c A   

 L.H.S  cos cos cos sin cos sina C c A a C A c A A     

    2 sin cos sinR C A A  

     2 sin cos sinR A A C  

    cos sina A C  

10. If 4, 5 are two sides of a triangle and the include angle is 060  find the area 

Solution: - 

 Given b = 4     C = 5 A = 060  

 Area of triangle 01 1sin 4 5 sin 60 5 3
2 2

bc A       
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11.   2 2cos cos
2 2
C Bb S   Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

      coscos
2 2

S S C S S bC B
ab ac
 

   

 
   2 2cos cos

2 2
S S C S S bC Bb c b c

ab ac
 

    

      2S s ss c s s b c a b c b c
a a a

            

 S  

12.  
cos cos cos

a b c
A B C
   KhÉ  ABC  ¶ª¶¢Às¹¶¬À iñsûµÀY0 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 

 2 sin 2 sin 2 sin
cos cos cos cos cos cos

a b c R A R B R C
A B A A B C
      

 tan tan tanA B C A B C      

   Triangle ABC is equilateral 

 

13.    a cot A = 2(R + r)  Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. cos Aa cot A 2R sin A
sin A

    

  2R cos A   

A B C2R 1 4sin sin sin
2 2 2

   
 

 

  

A B C2 R 4R sin sin sin 2(R r)
2 2 2
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14. ABC vÎ    r1 + r2 + r3 – r = 4R Cn VµÃ¶pÁ¶¢ÀÀ. 

Sol. r1 + r2 + r3 – r = A B C4R sin cos cos
2 2 2

+ A B C A B C4R cos sin cos 4R cos cos sin
2 2 2 2 2 2

  

A B C4R sin sin sin
2 2 2

  

 A B C B C A B C B C4R sin cos cos sin sin 4R cos sin cos cos sin
2 2 2 2 2 2 2 2 2 2
            

 

 
2 2

2 2

A B C A B C4R sin cos 4R cos sin
2 2 2 2
A A A A4R sin sin 4R cos cos
2 2 2 2

A A4R sin cos
2 2

A A4R sin cos 1
2 2

        
   

 

    

    
 


 

15. cos cos
cos cos

c b A B
b A C





 Cn VµÃ¶pÁ¶¢ÀÀ 

Hint: £°É¶pg ¶ªÃh¸ñv¶mÀ0fº C = b coA + a cosB 

  cos cosb a C C A   

 

16.     2 2cos c cosa b C B b c    Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

  cos c cos cos cosa b c B ab c ac B    

R.H.S vÎ 
2 2 2 2 2 2

cos , cosa b c a c bC B
ab ac

   
  ¶pñi °É»p0Vµ0fº.     

 

 

17.   ABC vÎ   (b + c) cos A = 2s Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. L.H.S.  

= (b + c)cos A + (c + a)cos B + (a + b)cos C 

= (b cos A + a cos B) + (c cos B + b cos C) + (a cos C + c cos A) 
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= c + a + b = 2s = R.H.S. 

 

18.   ABC vÎ  (a + b + c), (b + c – a) = 3bc   C±ÀÀhÉ  A   Oµ¶mÀSÍ¶mÀ¶¢ÀÀ .   

Sol. 2s(2s – 2a) = 3bc 

2s(s a) 3 A 3cos
bc 4 2 4

A 3cos cos30
2 2

A 30 A 60
2


   

   

    

 

18.   ABC vÎ 
1 2 3

1 1 1 1
r r r r
    Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. L.H.S. = 
1 2 3

1 1 1 s a s b s c
r r r

  
    

  
 

3s (a b c) 3s 2s s 1 R.H.S.
r

   
    

  
 

 

19.   ABC vÎ  2
1 2 3rr r r    Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. L.H.S. = 1 2 3rr r r
s s a s b s c
   

   
  

 

 
4

2
2 R.H.S.

   


 

20. LOµ ¶ª¶¢Àsû¹¶¬À iñsûµÀY0 vÎ r
R
 £vÀ¶¢ Oµ¶mÀSÍ¶mÀ¶¢ÀÀ 

Sol. 2

A B C4R sin sin sinr 2 2 2 4sin 30
R R
    

31 14 ( A B C 60 )
2 2

       
 

  

21.  If rr2 = r1r3KhÉ,   BOµ¶mÀSÍ¶mÀ¶¢ÀÀ. 

Sol. 2 1 3rr r r
s s b s a s c
   

    
  

 

(s a)(s c) s(s b)      
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2(s c)(s a) B1 tan 1
s(s b) 2
 

   


 

B Btan 1 45 B 90
2 2

        

 

 22. A = 90 KhÉ   2(r + R) = b + c Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. L.H.S. = 2r + 2R = 2(s – a) Atan 2R 1
2
   

= 2(s – a) tan 45 + 2R sin A 

= (2s – 2a)1 + a (A = 90) 

= b + c 

= R.H.S. 

 

23. iñsûµÀY0 vÎ 1 cot
2
Ar  ¶mÀ S  vÎ ¢¸ñ±ÀµÀ0fº S 

Solution : -  

1 1 2 3cot / 2 cot / 2 cot / 2 cot
2
Cr A r A r B r    

 1 2 3tan / 2 tan / 2 tan / 2r s A r s B r s C    

 tan cot / 2 tan / 2 cot / 2 tan cot
2 2 2
A C Cs A s B B s    

 3s s s s     

 

  24. 
  

1 3r
s b s c r


   Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 
           

31 1 2 rr r r
s b s c s b s c s c s a s a s b

  
         

 But 1 2 3r r r
s a s b s c
  

  
  

 

 
           s a s b s c s a s b s c s a s b s c
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    2

3 3 3 3s s
s s a s b s c r

s

 
   

     
 
 

 

 

¶ªövê ¶ª¶¢Ãlû¸¶m ¶pñ¶¥évÀ 

1.    iñsûµÀY0  ABC   vÎ cos cos cos 4 sin sin sina A b B C c R A B C    Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 L.H.S cos cos cos 2 sin cos 2sin cos 2 sin cosa A b B C C R A A B B R C C       

  2 2sin 2 sin sinR A B C    

Given that 0180A B C    

. .L H S      sin cos sin 2R A B A B C     

      2sin cos 2sin cos 2 sin cos cosR C A B C C R C A B C       

     02 sin cos cos 180R C A B A B      

     2 sin cos cos 4 sin sin sinR C A B A B R A B C      

 

2.  3 sin 0a B C   Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

        33 3 3sin 2 sin sin 8 sin sina B C R A B C R A B C        

      3 2 3 2 08 sin sin sin 8 sin sin 180 sinR A A B C R A B C B C       

    0180A B C    

 =      3 2 3 2 2 28 sin sin . sin 8 sin sin sinR A B C B C R A B C      

       3 2 2 2 2 2 2 2 2 28 sin sin sin sin sin sin sin sin sinR A B C B C A C A B       

 = 0 
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3. iñsûµÀY0ABC    vÎ      
2 2 2 2 2 2

sin sin sina B C b C A C A B
b c C a a b

  
 

  
 Cn VµÃ¶pÁ¶¢ÀÀ 

  

Solution : -  

    
 2 2 2 2 2

2 sin : 2 sinsin 2 sin sin
2 sin sin4 sin sin

a R A b R Ba B C R A B C
C R C from e Ruleb c R B C

    
     


 

 
      2 2

sin . sin1 sin sin
2 sin sin

B C B C
A B C In a triangle ABC

R B C
 

 


  

 
2 2

2 2
1 sin sin 1

2 sin sin 2
B C

R B C R





 

 ElÉ£lûµ0S¸       
2 2 2 2

sin sin1 1
2 2

b C A C A B
and

c a R a b R
 

 
 

 Cn VµÃ¶pSµv¶¢ÀÀ 

 

4.  

 

cos cos cosa A b B c C
bc a ca b ab c

      Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 
2cos cosa A a bc A

bc a abc


   

  
2 2 2

cos
2

b c aA
bc

 
  

 
2

2 cos
bc

aa bc A
abc




2 2 2

2 2 2 222
2

b c a
a b c abc

abc abc

   
  

  

 
2 2 2

2
a b c

abc
   

 |||ly   

2
2cos cos

ac
b

b B b ac B
ca b abc




  

 2 2 2

2

a c b
ac
 

2 2 2

2
a b c

abc abc
 

  

 |||ly  
2 2 2cos

2
c c a b c

ab c abc
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5.   
 

2 2

2 2

1 cos cos
1 cos cos

A B C a b
A C B a c

  


  
 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 iñsûµÀY0ABC    vÎ 0 0180 180A B C C A B        

  0180B A C    

 
 
 

   
   

0

0

1 cos cos 1801 cos cos
1 cos cos 1 cos . cos 180

A B A DA B C
A C B A C A C

    


     
 

 
   
   

 
 

2 2

2 2

1 cos sin1 cos cos
1 cos cos 1 cos sin

A BA B A B
A C A C A C

   
 

    
 

 

2 2

2 2 2 2 2 22 2

2 22 2 2 2 2 2

2 2

1 cos sin sin sin 4 4
1 cos sin sin sin

4 4

a b
A B A B a bR R

a cA C A C a c
R R

   
   

   
 

6.  060C    C±ÀÀhÉ  (i) 1a b
b c c a

 
 

 (ii) 2 2 2 2 0b a
c a c b

 
 

 Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

 Given 060C   

 2 2 2 2 cosC a b ab C    

 2 2 2 2C a b  
1
2

ab  
 
 

 

 2 2 2C ab a b    

 a b
b c c a

 
 

 

 
  

2 2 2 2

2

ac a bc b a b ac bc
b c c a bc ab c ac
     


    

 

 But 2 2 2a b c ab    

 
2

2 1c ab ac bc
bc ab c ac
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(ii)  2 2 2 2 0b a
c a c b

 
 

   
  

2 2 2 2

2 2 2 2

b c b a c a

c a c b

  


 
 

 
  

    
  

2 2 22 3 2 3

2 2 2 2 2 2 2 2

c a b a b a b abbc b ac a
c a c b c a c b

      
 

   
 

 
   

   
  2 22 2 2

2 2 2 2

a b c c aba b c a b ab

c a c b

         
 

ab 
  2 2 2 2c a c b

 
 
 

 

 = 0 

7.  iñsûµÀY0ABC    vÎ 1 1 3
a c b c a b c

 
   

 KhÉ   060c   Cn VµÃ¶pÁ¶¢ÀÀ  

Solution : - 

 Given 1 1 3
a c b c a b c

 
   

 

 3a b c a b c
a c b c
   

 
 

 

    
3

a c b a b c a
a c b c
   

  
 

c
a
 b cb a

a c b cc


  
  b c

3  

 
2 2

21 1b a b bc a ac
a c b c ab ac bc c

  
   

    
 

  2 2 2 2 2 22 cos 2 cosa b c ab ab C ab a b c abc C         

 01cos 60
2 2
abC C
ab

    cos abC 
2ab

01 60
2

C    

8.      a : b : c = 7 : 8 : 9  KhÉ   cos : cos : cosA B C  Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Soltion : - 

 
  

2 2 2 2 2 2 264 81 49 96cos
2 2 8 9

b c a k k k kA
bc k k

   
  

12

2 8k 9 k
 

 
2 2 2 2 2 2 3349 81 64 66cos

2 2 7 9 2
a c b k k kB

ac k k
   

  
 

11
2163




 

 
2 2 2 2 2 2 249 64 81 32 2cos

2 2 7 8 20 8 7
a b c k k k kC

ab k k k k
   

   
  

 

 2 11 2 2 11 2cos cos co 21 21 21
3 21 7 3 21 7

A B C             

 14 :11: 6  
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9.  
2 2 2cos cos cos

2
A B C a b c

a b c abc
 

    Cn VµÃ¶pÁ¶¢ÀÀ  

 

 LHS cos cos cos cos cos cosA B C bc A ca B ab C
a b c abc

 
    

 2 cos 2 cos 2 cos
2

bc A ca B ab C
bac

 
  

 
2 2 2b c a 


2a 2c 2b 2 2a b  2c

2abc
 

2 2 2 2 2 2

2 2 2

2 cos : 2 cos

2 cos

bc A b c a ac B a c b
ab c a b c

       
 

    


 

 
2 2 2

2
a b c

abc
 

  

10.    cos cos cos sin cos
2 2

A B A Bb a c c B A c ec           
   

 Cn VµÃ¶pÁ¶¢ÀÀ  

 

Solution : - 

    cos cos cosb a c c B A    

  cos cos cos cos cos cos cos cosb c a c B A b c B ca C A        

 a b  (£°É¶pg ¶ªÃh¸ñv¶mÀ0fº) 

  2 sin sinR A B   

 2 2cos sin
2 2

A B A BR           
    

 

 
2 2sin sin cos 2 2sin cos sin

2 2 2 2 2 2

cos cos
2 2

C A R C C C A BR R

C C

      
              

 
2 sin sin

2 sin sin cos
2 2sin

2

A BR C
A B A Bc C ec

A B

 
                 

 
 

 

 0 090 ; 90
2 2 2 2

In a triangle ABC

C A B A B C
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11. 2 2sin sin
2 2
C Aa c a 

  s a s b
a

    s b s c
c

bcb
 

  

 
  s b s a s c

b
   

 

 
    2 s b as b s ac

b

 


b c  a c   s b
b

   

12. 3b c a   KhÉ  
 
cot cot

2 2
B c    Oµ¶mÀSÍ¶mÀ¶¢ÀÀ  

Solution : - 

 
 

  
 

  
cot cot

2 2
s s b s s cB c

s a s c s a s b
 


   

 

 
 

  
 

    
2.

2
s s b s s c s s

s a s c s a s b s a s a
 

  
     

 

 3 4 2
3 2

b c a a a a
b c a a a a
  

   
  

 

 

  13.    2 22 2 2cos sin
2 2
A Ab c b c a     Cn VµÃ¶pÁ¶¢ÀÀ   

Solution : - 

    2 22 2cos sin
2 2
A Ab c b c    

    2 2 2 2 2 22 cos 2 sin
2 2
A Ab c bc b c bc      

 2 2 2 2 2 2 2 2cos sin cos sin 2 cos sin
2 2 2 2 2 2
A A A A A Ab c bc              

     
 

 2 2 22 cosb c bc A a    (from cosine rule) 

 |||ly  prove that (i)    2 22 2 2cos sin
2 2
C Bc a c a b     

 (ii)    2 22 2 2cos sin
2 2
c Ca b a b c    ] 

 

 

 

 

www.sa
ksh

ieduca
tio

n.co
m



14. iñsûµÀY0ABC    vÎ  r + r1 + r2 – r3 = 4R cos C Cn VµÃ¶pÁ¶¢ÀÀ   

Sol.

 

1 2 3
A B C A B C A B C A B Cr r r r 4R sin sin sin 4R sin cos cos 4R cos sin cos 4R cos cos sin
2 2 2 2 2 2 2 2 2 2 2 2

      

  

A B C B C A B C B C4R sin cos cos sin sin 4R cos sin cos cos cos
2 2 2 2 2 2 2 2 2 2

A B C A B C4R sin cos 4R cos sin
2 2 2 2

            

        
   

  

B C B C B C B C4R cos cos 4R sin sin
2 2 2 2

B C B C B C B C4R cos cos sin sin
2 2 2 2

B C B C4R cos
2 2

B C B C4R cos
2

2C4R cos 4R cosC
2

                  
       

                             

    
 

     
 

 

 

15.  r1 + r2 + r3 = r KhÉ      C = 90 Cn VµÃ¶pÁ¶¢ÀÀ   

Sol. 1 2
1 2 3

3

r rr r r r 1
r r


    


 …(1) 

1 2

2

A B C A B Cr r 4R sin cos cos 4R cos sin cos
2 2 2 2 2 2

C A B A B4R cos sin cos cos sin
2 2 2 2 2

C A B4R cos sin
2 2
C C4R cos cos
2 2
C4R cos
2
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3

2

A B C A B Cr r 4R sin sin sin 4R cos cos sin
2 2 2 2 2 2

C A B A B4R sin sin sin cos cos
2 2 2 2 2

C A B4R sin cos
2 2

C C4R sin sin
2 2

C4R sin
2

  

    

         

    

 

 

2

23

21 2

2

C4R sinr r C2 tanCr r 24R cos
2

Ctan tan 45 From(1)
2

C 45 C 90
2


 



  

    

 

16. 4(r1r2 + r2r3 + r3r1) = (a + b + c)2 Cn n±µÃ»p0Vµ0fº  . 

Sol. 4(r1r2 + r2r3 + r3r1) 4
S a S b S b S c S c S a
                  

 

2

2

2
2

2
2 2

2

2 2

S c S a S b4
(S a)(S b)(S c)

3S (a b c)4
(S a)(S b)(S c)

S4
S(S a)(S b)(S c)

S4 4S

(2S) (a b c)

     
      

   
      

 
      

  


   

 

17. 3 2 2
1 2 3

1 1 1 1 1 1 abc 4R
r r r r r r r S

   
       

   
 Cn n±µÃ»p0Vµ0fº  . 

Sol. 
1

1 1 S S a S S a a
r r

  
    

   
 

  ElûÉ£lûµ0S¸     
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2 3

1 1 b 1 1 cand
r r r r
   

 
 

1 2 3

3

3 2 2

1 1 1 1 1 1L.H.S.
r r r r r r

a b c abc

4R 4R 4R R.H.S.
(rS)

   
      
   

 
   


   

 

 

18. 
 1 2 3

1 2 2 3 3 3

r r r
a

r r r r r r



 

 Cn n±µÃ»p0Vµ0fº   

Solution : - 

 LHS 

        

     

        

2

2 2 2 2

s b s c
s a s b s cs a s b s c

s a s b s c
s a s b s b s c s c s a s a s b s c

               
   

     
        

 

 
2

   
 s a

s a s b s c




  

 s b  s c

 3 2
a

s s



 

 
   

a a a
s s a s b s c

 
 

  
 

 

19.r(r1 + r2 + r3) = ab + bc + ca – S2 Cn n±µÃ»p0Vµ0fº   

Sol. L.H.S. = r(r1 + r2 + r3) 

2

2 22

2 2

S S a S b S c

(S b)(S c) (S a)(S c)
(S a)(S b)

S (S a)(S b)(S c)

S Sc Sb bc S Sc Sa

ac S Sb Sa ab
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2

2 2

2

3S 2S(a b c) bc ca ab

3S 4S bc ca ab

ab bc ca S
R.H.S.

      

    

   



 

20. 1 2 3
C C(r r ) tan (r r)cot c
2 2

     Cn n±µÃ»p0Vµ0fº   

Sol. 1 2
C(r r ) tan
2

  

 

2

2

C C4R cos tan
2 2

CsinC 24R cos C2 cos
2

C C4R sin cos
2 2

2R sin C c ...(1)







 

 

3

2

C C C(r r)cot 4R sin cot
2 2 2

CcosC 24R sin
C2 sin
2

C C4R sin cos
2 2

2R sin C c ...(2)

 





 

 

  (1) , (2) v ¶mÀ0fº 

1 2 3
C C(r r ) tan (r r)cot c
2 2

     

21.  ABC   vÎ a, b, c vÀ A.P.   vÎ G0fµd¹nOº D¶¢¶¶¥ïOµ ¶p±¸ï¶på0 r1, r2, r3 vÀ  

H.P.vÎ G0d¹±ÀµÀn VµÃ¶pÁ¶¢ÀÀ  

Sol. r1, r2, r3 vÀ  H.P. Gm¸é±ÀÀ  
1 2 3

1 1 1, ,
r r r

   vÀ    A.P. G0d¹±ÀÀ. 

s a s b s c, , .  


  
 vÀ    A.P. G0d¹±ÀÀ. 

s a,s b,s c .     vÀ    A.P. G0d¹±ÀÀ. 
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 –a, –a, –c vÀ    A.P. G0d¹±ÀÀ. 

 a, b, c vÀ    A.P. G0d¹±ÀÀ. 

22.  1 2 3, , ,A A A A   vÀ iñsûµÀY0±ÀÇÀÀOµÖ C0hµ±µ ¶¢À±¼±ÀµÀÀ s¹¶¬ï   ¶¢Åh¸åv ËÈ¢¥¹v¹ïvÀ 

C±ÀÀhÉ   
1 2 3

1 1 1 1
A A A A

    Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 Here 2 2 2 2
1 1 2 2 3 3; ;A r A r A r A r        

 LHS 
2 2 2

1 2 3 2 31

1 1 1 1 1 1
A A A r rr  

      

 
1 2 3

1 1 1 1 1 s a s b s c
r r r 

            
    

 

  31 1 1 1s a b c s

s
 

   
           

 

 

 
2

1 1 1 1.
r Ar 
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1.  ABC   vÎ , 
2 2 2

cot cot cot
4

a b cA B C  
  


 Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

 coscot
sin

AA
A

   

 
2 2 2

cos
2

b c aA
bc

 
  

 

2 2 2

2 2 2 2 2 2
2cot

1sin 2 sin 4 sin
2

b c a
b c a b c abc

A bc A bc A

 
   

   
 
 
 

 

 
2 2 2 1cot sin

4 2
b c aA bc A      

  
  

 |||ly  
2 2 2 2 2 2

cot cot
4 4

a c b a b cB c   
 

 
 

 
2 2 2 2 2 2 2 2 2

cot cot cot
4 4 4

b c a a c b a b cA B C      
    

  
 

 
2 2 2b c a 


2a 2c 2b 2 2a b  2c

4
 

 
2 2 2

4
a b c 




 

2.   cot : cot cot 3: 5 : 7
2 2 2
A B C

  C±ÀÀhÉ a : b : c = 6 : 5 : 4 Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

    cot : cot : cot : 6 :5 : 4
2 2 2

s s a s s cA B C  
 

 
 

 : : 6 : 5 4s a s b s c       

 Let 3 5 7s a k s b k s c k       

       3 5 7s a s b s c k k k         

 3 2 15 15s s k s k     

 3 15 3 12s a k k a k a k        

 5 15 5 10s b k k k b b k        

 7 15 7 8s c k k k c c k        
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 : : 12 :10 : 8 : : 6 : 5 : 4a b c k k k a b c    

3. iñsûµÀY0ABC    vÎ   tan tan 2 cot
2 2 2
A B Ca b c c     

 
   Cn VµÃ¶pÁ¶¢ÀÀ   

Solution : - 

        tan tan 2
2 2

s b s c s c s aA Ba b c s
                

 

    2s s c
s b s a


   


 

  2 cot 2 2cot
2 2
C Cs b a a    b c b  a   

 2 cot
2
Cc  

 

4.     cos A + cos B + cos C = r1
R

  Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. L.H.S. = cos A + cos B + cos C 

A B C1 4sin sin sin
2 2 2

   

A B C4R sin sin sin
2 2 21

R
r1 R.H.S.
R

 

  

  

 

5. 2 2 2A B C rcos cos cos 2
2 2 2 2R
      Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. = 2 2 2A B Ccos cos cos
2 2 2
   

A B C2 2sin sin sin
2 2 2

( from transformationsPROVE THIS IN EXAM )

A B C4R sin sin sin
2 2 22

2R
r2 R.H.S.

2R
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6.    
2

cot cot cot
2 2 2
A B C s
  


 Cn VµÃ¶pÁ¶¢ÀÀ  

Solution : - 

      cot cot cot
2 2 2

s s a s s b s s cA B C   
    

  
 

       3 3 2S s ss a s b s c s a b c s s           
  

 

  
2s ss 

 
 

7.  
2

tan tan tan
2 2 2
A B C bc ca ab s  
  


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 tan tan tan
2 2 2
A B C
   

 
        s b s c s c s a s a s b     

 
  

 

 
2 2 2s cs bs bc s as cs ac s bs as ab          


 

 
23 2 2 2s as bs cs bc ca ab     


 

    2 23 2 3 2 2bc ca ab s s a b c bc ca ab s s s         


 
 

 
2 2 23 4bc ca ab s s bc ca ab s      


 

 

8.  
cot cot cot

2 2 2
cot cot cot

A B C

A B C

 

 
 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution  : -
     cot cot cot

2 2 2
s s a s s b s s cA B C   

    
  

 

      
2

3 3 2s s s ss a s b s c s a b c s s            
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2 2 2

2 2 2 2 2 2cos 2cot
1sin sin sin sin
2

b c a
A b c a b c abcA
A A bc A bc A

 
   

   
  
 

 

 
2 2 2 1 sin

4 2
b c a bc A      

  
  

 
2 2 2 2 2 2 2 2 2

cot cot cot
4 4 4

b c a c a b a b cA B C      
    

  
 

 
2 2 2 2 2 2 2 2 2 2 2 2

4 4
b c a c a b a b c a b c         

 
 

 

 

2

2

2 2 2

cot cot cot
2 2 2

cot cot cot
4

A B C s
s

a b cA B C

 
 

   


4
 2 2 2a b c 

 

    2 22

2 2 2 2 2 2 2 2 2

24 s a b cs
a b c a b c a b c

 
  

     
] 

 

9.    tan 0
2

A Ba b    
 

  Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

   tan
2

A Ba b    
 

  from Napiries Rules 

 tan cot
2 2

A B a b C
a b

      
 

   tan
2

A Ba b a b     
 

    a b
a b



cot
2
c 

  
 

 

 
      a b s s c s a b s c

 
  

    

     0s s a b c a b   
   

              0s s a b s b c x c a c a b b c a a b c             
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 10.  cot tan 2cos
2 2

b c A b c A ec B C
b c b c
 

  
 

 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 cot / 2 tan / 2b c b cA A
b c b c
 


 

 

 From Napiers Rule cot tan
2 2

b c A B C
b c
      

 

 tan cot
2 2

b c A B C
b c
      

 

 tan cot
2 2

B C B CLHS          
   

 

 

2 2sin cos sin cos
2 2 2 2

cos sin cos sin
2 2 2 2

B C B C B C B C

B C B C B C B C

                 
         

          
       
       

 

 
   2 2 2cos

sin2sin cos
2 2

ec B C
B C B C B C

  
     

   
   

 

 

11.   sin a
b c

 


 C±ÀÀhÉ 2cos cos
2

bc A
b c

 


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 2 2sin cos 1 sina
b c

     


 

 
 

 
 

2 22
2 2

2 2cos 1 cos
b c aa

b c b c
 

 
    

 
 

 
 

 
 

2 2 22 2 2
2

2 2

22cos
b c a bcb c bc a

b c b c


    
 

 
 

 
 

 
 2 2

2 1 cos2 cos 2 bc Abc A bc
b c b c
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2

2
2

2 2cos
2cos

Abc

b c






 

 2cos cos
2

bc A
b c

 


 

 

12.  cosa b c    C±ÀÀhÉ 2sin cos
2

bc A
b c

 


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

   cos cosaa b c
b c

    


 

 
 

 
 

2 22
2 2 2

2 2sin 1 cos 1 sin
b c aa

b c b c
  

 
     

 
 

 
 

 
 

2 2 22 2 2
2 2

2 2

22sin sin
b c a bcb c bc a

b c b c
 

    
  

   

 
 

 
 

2 2
2 2

2 1 cos2 cos 2sin sin
bc Abc A bc

b c b c
 


  

 
 

 
 

2

2
2

2 2cos
22sin sin cos

2

Abc
bc A

b cb c
 

 
 
   


 

 

13.  If   seca b c    C±ÀÀhÉ 2tan sin
2

bc A
b c

 


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution : - 

 
 

2
2 2

2sec tan sec 1 1a a
b c b c

       
 

 

 
 

   

22 2 2 2
2 2

2 2
2tan tan

a b c a b c bc
b c b c

 
    

  
 

 

 
 
 

2 2 2
2

2

2
tan

bc b c a

b c
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2
2 2

2 1 cos2 2 costan
bc Abc bc A

b c b c



 

 
 

 
 

2

2
2

2 2sin
22tan tan sin

2

Abc
bc A

b cb c
 

 
 
   


 

 

14.       cos cos cosa b C c B       C±ÀÀhÉ 

Soluton : - 

      cos cos cos cos sin sinRHS b c c B b c c          

    cos cos sin sinc B B    

 cos cos sin sin cos cos sin sinb c b c B c B        

  cos cos cos / sin sin cos
2 2
bc cbb c c B a
R R

         

 

15. iñsûµÀY0ABC    vÎn OÐg¸vÀ A.P  vÎ G 0fº ¶¢À±¼±ÀµÀÀ   

  : 3 : 2b c     C±ÀÀhÉ 075A   Cn VµÃ¶pÁ¶¢ÀÀ 

Solution : - 

 iñsûµÀY0ABC    vÎn OÐg¸vÀ AP  vÎ Gm¸é±ÀÀ. 

 2 3B A C B A B C       but 0180A B C    

 0 03 180 60B B     

 : 3 : 2b c   

 2 sin 2 sin 3 : 2 sin sin 3 2R B R C B C       

 0sin 60 sin 3 : 2C   

 33 : sin 3 : 2
2

C   2 3
2

  sin C  

 01sin 45
2

c C     

 0 0 0 0 0180 60 45 180 75A B C A A         c (proved) 
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16. 
 

2 2

2 2

sin
sin

a b C
a b A B




 
 KhÉ     iñsûµÀY0ABC    ¶ª¶¢Àl¼ös¹¶¬À vÉl¸ v0s OÐg 

iñsûµÀY0 Cn   VµÃ¶pÁ¶¢ÀÀ  

Solution : - 

 Given 
   

2 2

2 2

sin
sin

a b C
A Ba b





 

      2 2 2 2sin sina b A B a b C      

 Using sine rule we have 

 24R    2 2 2sin sin sin 4A B A B R    2 2sin sin sinA B C  

        2 2sin sin sin sin sin sin 0A B A B A B A B C       

 But in triangle ABC  sin sinA B C   

         2 2sin sin sin sin sin sin 0A B A B A B C C       

   2 2 2sin sin sin sin 0A B A B C     

   2 2 2sin 0 sin sin sinA B or A B C     

 2 2 2A B or a b c    

   triangle either isosceles or right angled 

 

17. 3cos cos cos
2

A B C    KhÉ     iñsûµÀY0ABC    ¶ª¶¢Às¹¶¬À   iñsûµÀY0 Cn   

VµÃ¶pÁ¶¢ÀÀ  

Solution: - 

 3 3cos cos cos 2cos cos cos
2 2 2 2

A B A BA B C C            
   

 

 0 32cos 90 cos cos
2 2 2
C A B C        

   
 

 22sin cos 1 2sin 3/ 2
2 2 2
C A B C     

 
 

 2 12sin cos 2sin
2 2 2 2
C A B C    
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 2 24sin cos 4sin 1 1 4sin 4sin cos 0
2 2 2 2 2 2
C A B C C C A B            

   
 

 
2

2 22sin 2 2sin cos cos cos 1 0
2 2 2 2 2
C C A B A B A B                    

       
 

 
2

22sin cos sin 0
2 2 2
C A B A B           

    
 

 2sin cos 0 sin 0
2 2 2
C A B A Band      

 
 

 2sin cos 0
2 2
C A B and A B     

 
 

 0 02sin 1 30 60
2 2
C C c       

 060A B A B     

 Hence trangile is equilateral 

 

18. 2 2 2cos cos cos 1A B C    KhÉ     iñsûµÀY0ABC      v0s OÐg iñsûµÀY0 Cn   

VµÃ¶pÁ¶¢ÀÀ  

          2 2 2 2 2 2cos cos cos 1 cos cos 1 cos 0A B C A B C         

    2 2 2 2cos sin cos 0 cos cos cos 0A B C A B A B C         

    0 2cos 180 . cos cos 0c A B C     

  cos cos cos 0C A B C     

   cos cos cos 0C A B C     

   cos cos cos 0C A B C     

     0cos cos cos 180 0c A B A B       

     cos cos cos 0c A B A B      

     cos cos cos 0c A B A B      

 2cos cos cos 0A B C   

 cos 0 cos 0 ( ) cos 0A or B or C     

 0 0 090 ( ) 90 90A or B or C    

   Triangle is right angled triangle 
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19. 2 2 2 28a b c R    KhÉ iñsûµÀY0ABC    v0s OÐg iñsûµÀY0 Cn   VµÃ¶pÁ¶¢ÀÀ 

Solutin : - 

 Given  2 2 2 2 2 2 2 2 28 4 sin sin sin 8a b c R R A B C R        

 2 2 2 2 2 2sin sin sin 2 1 cos sin sin 2A B C A B C         

  2 2 21 cos sin 1 cos 2A B C      

     2cos cos cos 0A B A B C      

     2cos cos cos 0 cos cos cos 0C A B C A B C        

     cos cos cos 0 2cos cos cos 0C A B A B A B C       

    0 0 0cos 0 cos 0 ( ) cos 0 90 90 90A or B or C A or B or C        

 

20.  cot , cot , cot
2 2 2
A B C   vÀ AP G0dÉ a, b,c vÀ AP   vÎ G0d¹±ÀµÀn VµÃ¶pÁ¶¢ÀÀ   

Solution ; - 

 cot , cot cot
2 2 2
A B C  are in AP 

 
     2

2cot cot cot
2 2 2

s s b s s a s s cB A C   
    

  
 

      2 2s b s a s c a b c s a c             

 2a c b a b c a c a c b           

 

21. 2 2 2sin , sin , sin
2 2 2
A B C   vÀ HP G0dÉ a, b,c vÀ HP   vÎ G0d¹±ÀµÀn VµÃ¶pÁ¶¢ÀÀ    

Solution : - 

 2 2 2sin , sin , sin
2 2 2
A B C   are in HP 

 
        , ,
s b s c s c s a s a s b

bc ac ab
     

 are in HP 

 
        

, ,bc ac ab
s b s c s a s c s a s b     

 are in HP 

 Multiplying with 
    s a s b s c

abc
  

 we have 
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bc    

 
s a s b s c

abc s b
  

  s c
,

ac  s a    s b s c 

abc  s a s c 
,

ab  s a  s b  s c

abc



s a   s b
 and P 

 , ,s a s b s c
a b c
    are in AP 

 Adding ‘1’  to every term we here 

 

 1, 1, 1s a s b s c
a b c
  

    are in AP 

 , ,s s s
a b c

 are in AP 1 1 1, ,
a b c

  are in AP 

 a, b, c are in HP 

 

22.  2 2 2cot cot cot abca A b B c C
R

    Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 

 2 2 2cot cot c cota A b B C   

 2 24 sinR cos
sin

AA 2 24 sinR
A


cos
sin

BB 2 2 cos4 sin
sin

CR C
B C
  

  22 sin 2 sin 2 sin 2R A B C   

     22 2sin cos sin 2R A B A B C    

   22 2sin cos 2sin cosR C A B C C   

        22 2sin cos cos 4 sin cos cosR C A B C R C A B A B         

 
 2

2
2 2 sin sin sin

4 sin sin sin
R A B C

R C A B 
R

  

      2 sin 2 sin 2 sinR A R B R C abc
R R
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23.   2 2 2cos cos cos
2 2 2
A B Ca b c s

R


     Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 2 2 2cos cos cos
2 2 2
A B Ca b c   

 
     1 cos 1 cos 1 cos

2 2 2
a A b B c C  

   

 
 cos cos cos

2 2
a b ca a A b b B C c C       

  

 
   cos cos c cos

2
a b c a A b B C    

 

 2 2 sin cos 2 sin cos 2 sin cos
2

s R A A R B B R C C    

 
 2 sin 2 sin 2 sin 2

2
S R A B C  

 

 
    2 2sin cos sin 2

2
S R A B A B C   

 

 
  2 2sin cos 2sin cos

2
S R C A B C C  

 

 
  2 2 sin cos cos

2
S R C A B C  

 

 
    2 2 sin cos cos

2
S R C A B A B   

 

 2 4 sin sin sin 2R sin sin sin
2

S R A B C S A B C
   

 
22 sin sin sinS R A B C S

R R
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24.  2 2 2A B C rsin sin sin 1
2 2 2 2R
     Cn VµÃ¶pÁ¶¢ÀÀ 

. 

Sol. L.H.S. = 2 2 2A B Csin sin sin
2 2 2
   

1 cos A 1 cos B 1 cosC
2 2 2

3 1 (cos A cos B cosC)
2 2
3 1 A B C1 4sin sin sin
2 2 2 2 2

(  from transformations)

  
  

   

     


 

A B C4R sin sin sin3 1 2 2 21
2 2 R
3 1 r1
2 2 R

 
 

    

     

 

3 1 r r1 R.H.S.
2 2 2R 2R

        

25.   i. 1 2
1 2

1 2

4R r rr r
r r
 

 


. ii.   1
2 3

2 3

rra r r
r r

   Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. i)R.H.S. 1 2
1 2

1 2

4R r rr r
r r
 


 

1 2
1 2

1 2

2
1 2

2

1 2
2

4R (r r )r r
r r

Cr r 4R cos
2

C4R 1 cos
2r r C4R cos

2
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2

1 2 1 2
2

2

2 2

Csin C2r r r r tanC 2cos
2

Ctan
S a S b 2

(S b)(S a)
(S a)(S b) S(S c)

R.H.S.
S(S a)(S b)(S c)

 

 
 

 

  


  

 
    

  

 

ii) RHS    

  

2

1
2 3 2

2 3

s s arrr r
r r s b s c

s b s c


  

       
 

 

 
 
    

  2

2.
s c s b s b s c

s b s c s s a
     


   

 

 
   

  
2

. 2 s b s cs b c

s b s c

   


   s s a






 
   

a b c b c

s s a s b s c

   

  
a  

 

26. 2 2 2 2 2 2 2 2
1 2 3r r r r 16R (a b c )        Cn VµÃ¶pÁ¶¢ÀÀ 

Sol.  

2 2 2 2 2
1 2 3 1 2 3 1 2 3 1 2 2 3 3 1

2
1 2 3 1 2 2 3 3 1

(r r r r) r r r r 2r(r r r ) 2(r r r r r r ) ...(1)

But [r r r r] 4R and r r r r r r S

            

      
 

2 2
1 2 3

2 2 2 2 2
1 2 3 1 2 3 1 2 2 3 3 1

2 2 2 2 2
1 2 3 1 2 3

16R [r r r r]

16R r r r r 2r(r r r ) 2(r r r r r r )

r r r r 2r(r r r ) 2S

   

         

       

 

2 2 2 2 2 2
1 2 3 1 2 316R r r r r 2(rr rr rr ) 2S        Consider 2(rr1 + rr2 + rr3) = 

2 2 2
2

S(S a) S(S b) S(S c)
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2

2
2 2 2

2

2

2 2

2

2

(S b)(S c) (S a)(S c) (S a)(S b)
2

S(S a)(S b)(S c)

2 S Sc Sb bc S Sc Sa ac S Sb Sa ab

2 3S 2S(a b c) ab bc ca

2 3S 4S ab bc ca

2 ab bc ca S

2 ab bc ca 2S

       
 

  

              

        

      

     

   

 

From (2) 

2 2 2 2
1 2 3

2 2
1 2 3

2 2 2

2 2

2
2

2 2

2 2 2 2

r r r r

16R 2r(r r r ) 2S

16R 2S 2(ab bc ca) 2S

16R 4S 2(ab bc ca)

a b c16R 4 2(ab bc ca)
2

16R (a b c) 2(ab bc ca)

16R (a b c )

   

    

     

    

       
 

        

   

 

 

27.  1 2 3, ,P P P  vÀ §±¸øv ¶mÀ0fº sûµÀY¹vOµÀ S¿»ª¶m G¶méhµÀvÀ C±ÀÀhÉ    

(i) 
1 2 3

1 1 1 1
P P P r
     (ii) 

1 2 3 3

1 1 1 1
P P P r
    

(iii) 
2 3

1 2 3 3
(abc) 8P P P

abc8R


    Cn VµÃ¶pÁ¶¢ÀÀ  

Sol.   

1 2 3

1 2 3

1 1 1aP , bP , cP
2 2 2

2 2 2P , P and P
a b c

     

  
   

 

i) 
1 2 3

1 1 1 a b c
P P P 2 2 2
    

  
 

 a b c 2S 1
2 2 r
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ii) 
1 2 3

1 1 1 a b c
P P P 2 2 2
    

  
 

 
3

a b c 2S 2c S c 1
2 2 r
   

   
  

 

iii) 
3

1 2 3
2 2 2 8P P P
a b c abc
   

     

 

28.  a = 13 b = 14 c = 15 KhÉ   65
8

R   1 2 3
214 12 14
2

r r r and r       Cn VµÃ¶pÁ¶¢ÀÀ 

  

Sol.   a = 13, b = 14, c = 15 

a b c 13 14 15 42S 21
2 2 2

   
     

S a 21 13 8,S b 21 14 7
S c 21 15 6
       

   
 

S(S a)(S b)(S c)

21(8)(7)(6) 21 16 21

21 21 4 4 21 4 84

    

   

      

 

abc 13 14 15 65R
4 4 84 8

 
  

 
 

1

2

3

84r 4
S 21

84 21r
S a 8 2

84r 12
S b 7

84r 14
S c 6
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29.    1 2 32 3 6r r r    KhÉ 1r   3 4 5a b c       Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. 2
1 2 3rr r r 1 2 3 6 36        

2 36 6      

1
1

1

2
2

6r S 6 ( r 1)
S S

r S a
S a r

6a S 6 6 3 3
r 2

r S b
S b r


    

 
   




       

 
   





 

2
b S 6 3 3

r


       

3
3

3

r S c
S c r

c S 6 1 5
r

 
   




     

 

 

30.    2 2 2 abca cot A b cot B c cosC
R

    Cn VµÃ¶pÁ¶¢ÀÀ 

. 

Sol. L.H.S. 2 2 2a cot A b cot B c cos C   

2 2 2 2 2 2cos A cos B cosC4R sin A 4R sin B 4R sin C (by sine rule)
sin A sin B sin C

    

2

2

2

2R (2sin A cos A 2sin Bcos B 2sin CcosC)

2R (sin 2A sin 2B sin 2C)

2R (4sin Asin Bsin C)

1 (2R sin A)(2R sin B)(2R sin C)
R
abc R.H.S.
R
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31.   ABC   vÎ 1 1 3
a c b c a b c

 
   

 KhÉ   C = 60° Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. 1 1 3
a c b c a b c

 
   

 

2

2 2 2

2 2 2

b c a c 3
(a c)(b c) a b c
3(a c)(b c) (a b 2c)(a b c)

3(ab ac bc c )

(a b 2ab) 3c(a b) 2c

ab a b c 2ab cosC
(from cosine rule)

1cosC C 60
2

  
 

   

       

   

     

    

    

 

 

32. 
2 2 2a b ccot A cot B cot C

4
 

  


 Cn VµÃ¶pÁ¶¢ÀÀ 

 

Sol. L.H.S. = cos Acot A
sin A

    

2 2 2

2 2 2

2 2 2 2 2

2 2 2 2

2 2 2

b c a (by cosine rule)
2bcsin A

b c a 1 bcsin A
4 2

1 [b c a c a
4

b a b c ]

a b c R.H.S.
4

  
  

 

         

    


   

 
 





 

 

33. ABC   vÎ a cos A = b cos B KhÉ      D iñsûµÀY0 ¶ª¶¢Àl¼ös¹¶¬À iñsûµÀY0 vÉl¸ 

v0sOÐg iñsûµÀY0 Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. a cos A = b cos B 

 2R sin A cos A = 2R sin B cos B 
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 sin 2A = sin 2B = sin(180° – 2B) 

Hence 2A = 2B or 2A = 180° – 2B 

 A = B or A = (90° – B) 

 a = b or (A + B) = 90 

 a = b or C = 90 

 The triangle is isosceles or right angled. 

 

 34. A B Ccot : cot : cot 3:5 :7
2 2 2

 KhÉ a : b : c 6 :5 : 4  Cn VµÃ¶pÁ¶¢ÀÀ   

Sol. A B Ccot : cot : cot 3: 5 : 7
2 2 2

  

s(s a) s(s b) s(s c) 3: 5 : 7  
   

  
 

(s a) : (s b) : (s c) 3 : 5 : 7

s a s b s c k (say)
3 5 7

    

  
   

 

Then s – a = 3k, s – b = 5k, s – c = 4k 

Adding these equations, 

3s – (a + b + c) = 3k + 5k + 7k = 15k 

 3s – 2s = 15k  s = 15k 

Hence a = 12k, b = 10k, c = 8k 

 a : b : c = 12k : 10k : 8k = 6 : 5 : 4 
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35.   a3 cos(B – C) + b3 cos (C – A) + c3 cos(A – B) = 3 abc Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. =  a3 cos(B – C) 

2

2

2

2

2 2

2 2

2 2 2 2 2 2

a (2R sin A)cos(B C)

R a [2sin(B C)cos(B C)]

R a (sin 2B sin 2C)

R a (2sin Bcos B 2sin CcosC)

[a (2R sin B) cos B a (2R sin C)cosC]

(a b cos B a ccosC)

(a bcos B a c cosC) (b ccos C b a cos A) (c a cos A c b cos B)
ab(a

  

    

  

  

  

  

     

 cos B bcos A) bc(bcosC c cos B) ca(c cos A a cosC)

ab(c) bc(a) ca(b)
3abc R.H.S.

    

  

 

 

 

36. 1 2 3, ,P P P  vÀ §±¸øv ¶mÀ0fº sûµÀY¹vOµÀ S¿»ª¶m G¶méhµÀvÀ C±ÀÀhÉ     

   2 2 2 2
1 2 3

1 1 1 cot cot cotA B C
P P P

 
  


 Cn VµÃ¶pÁ¶¢ÀÀ 

Sol. 1 2 3, ,P P P  vÀ §±¸øv ¶mÀ0fº sûµÀY¹vOµÀ S¿»ª¶m G¶méhµÀvÀ O¸¶¢Á¶m  

1 2 3

1 2 3

1 1 1ap bp cp
2 2 2

2 2 2p , p , p
a b c

   

  
   

 

Now 
2 2 2

2 2 2 2
1 2 3

1 1 1 a b c
p p p 4

 
  


 

1 (cot A cot B cot C) R.H.S.   


 

[ cot A + cot B + cot C = 
2 2 2a b c

4
 


] 
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37.   iñsûµÀY0ABC    vÎ (r2–r1)(r3–r1) = 2r2r3  KhShow that A = 90 Cn VµÃ¶pÁ¶¢ÀÀ 

. 

Sol. (r2 – r1)(r3 – r1) = 2r2r3 

2

(s b) (s a) (s c) (s a)

2
(s b) (s c)

s a s b s a s c
(s b)(s a) (s c)(s a)

2
(s b)(s c)

      
           

 


 

        
           




 

 

2

2

(b a)(c a) 2(s a)

b c a(b a)(c a) 2
2

    

       
 

 

2

2 2 2

2(bc ca ab a )

b c a 2bc 2ca 2ab

   

     
 

2 2 2 2

2 2 2

2a b c a

b c a

   

  
 

Hence ABC is right angled and A = 90. 

 

38. iñsûµÀY0ABC    vÎ  1 tan 0
2

B Cr r    
 

  Cn VµÃ¶pÁ¶¢ÀÀ 

 

Solution: - 

 1 2 4 sin cos cos 4 sin sin sin
2 2 2 2 2 2
A B C A B Cr r R R   

 4 sin cos
2 2
A B CR    

 
 

  1 tan 4 sin cos
2 2 2

B C A B Cr r R        
   

 
sin

2

cos
2

B C

B C

 
 
 

 
 
 

 

 03 2sin 90 . sin
2 2

B C B CR        
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 2 2cos sin
2 2

B C B CR       
    

    
  

  2 sin sin 2 sin 2 sinR B C R B R C     

 0b c b c c a a b         

 

 39.  
2 2 2

2 2 2 2 2
1 2 3

1 1 1 1 a b c
r r r r

 
   


 Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. = 2 2 2 2
1 2 3

1 1 1 1
r r r r
    

2 2 2 2

2 2 2 2

2 2 2 2
2

2 2 2 2 2 2 2
2

s (s a) (s b) (s c)

1 s (s a) (s b) (s c)

1 s s 2as a s 2bs b s 2cs c

  
   
   

        

           

 

2 2 2 2
2

2 2 2
2

2 2

2 2 2

2

1 4s 2s(a b c) a b c

1 a b c4s 2s(2s)

a b c R.H.S.

        

      

 
 



 

 

40.  31 2 rr r 1 1
bc ca ab r 2R

     Cn VµÃ¶pÁ¶¢ÀÀ  

Sol. L.H.S. = 31 2
1 2 3

rr r 1 [ar br cr ]
bc ca ab abc

      

2

1 A s A abca s tan 2R sin A tan
abc 2 abc 2 4R

Asins A A 22R 2sin cos ( r / s)Aabc 2 2 cos
2

Rs A s 1 cos A4 sin
abc 2 2
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1 (1 cos A 1 cos B 1 cosC)
2r

       

 

 1 3 (cos A cos B cosC)
2r
1 A B C3 1 4sin sin sin
2r 2 2 2

   

        

 

A B C4R sin sin sin1 2 2 22
2r R
1 r 1 12 R.H.S.
2r R r 2R

  
  

    
  

       

 

 

41. 1: : 2 :5 :12r R r   KhÉ      090A   Cn VµÃ¶pÁ¶¢ÀÀ   

Sol. If r : R : r1 = 2 : 5 : 12, then r = 2k, R = 5k and r1 = 12k   

1r r 12k 2k 10k 2(5k) 2R

A B C B C4R sin cos cos sin sin 2R
2 2 2 2 2

     

     

2A B C A 12sin cos 1 sin
2 2 2 2

B C Acos sin
2 2

     
 

        


 

A 1sin sin 45
2 2

A 45 A 90
2

   

    

 

  iñsûµÀY0 LOµ v0s OÐg iñsûµÀY0. 

 

42. r + r3 + r1 – r2 = 4R cos B Cn VµÃ¶pÁ¶¢ÀÀ    

Sol. r + r3 

C A B A B4R sin sin sin cos cos
2 2 2 2 2

C A B4R sin cos
2 2

    

   
 

 

r1 – r2  
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C A B A B4R cos sin cos cos sin
2 2 2 2 2

C A B4R cos sin
2 2

    

   
 

 

 r + r3 + r1 – r2  

 

C A B C A B4R sin cos cos sin
2 2 2 2

C A B B B4R sin 4R sin 90
2 2 2 2 2

4R cos B

               

           
   



 

 

42. LOµ iñsûµÀY¹O¸±µ ¶ªèv0 ABC  vÑ ¶¢Àlûµït0lµÀ¶¢Á M ¶¢lµç LOµ l¿¶p¶ªå0sûµ0 G0l¼.  

BC = 7 m, CA = 8 m , AB = 9 m E0O¸ B  ¶¢lµç l¿¶p ¶ªå0sûµ0 VÉÊª OÐg0 15 KhÉ 

l¿¶p¶ªå0sûµ0 IhµÀå I0hµ?    

 

Sol.  

   

MN = l¿¶p¶ªå0sûµ0 IhµÀå 

  MN = h (?) 

  NBM = 15 

  ABC vÎ 
2 2 2b c acos C

2abc
 

  

  64 49 81 16 2 32 2
2 8 7 16 7 112 7
  

   
  

 

2cosC
7

   

  BM = x 

  BCM vÎ, 
2 2 27 4 xcosC
2 7 4
 


 

 

M 

N 

A 

B C 
15° 

www.sa
ksh

ieduca
tio

n.co
m



  

2

2

2

2 49 16 x
7 7 8
16 65 x

x 65 16 x 7

 



 

   

 

  BMN vÎ htan15
x

   

h x tan15 7(2 3)     

 

43. LOµ ±É¶¢Á ¶¢lµç ±Ç0fµÀ MfµvÀLOÉ ¶ªµ¶¢À±ÀµÀ0vÑ s±ÀµÀvÀlÉ±¸±ÀÀ.  LOµdº Sµ0dOµÀ 24 

km   Ê¢Sµ0 hÐ N 45E l¼¶¥ vÎ    ¶¢À±ÍOµdº 32 km Ê¢Sµ0hÐ  S 75 E l¼¶¥ vÎ 

¶pñ±ÀµÀgºÊªå 3 Sµ0dv hµ±¸öhµ Mfµv ¶¢Àlûµï lµÃ±µ0 I0hµ?   

Sol.  

  

P is the position of the port. 

A is the position of the North-East traveled ship after 3 hours is = 72 km 

Position of the South-East traveled ship after 3 hours is 3  32 = 96 km 

From the data APB = 60 

In APB,  

2 2 2

2 2 2

AP BP ABcos P
2AP BP

(72) (96) ABcos 60
2 72 96

 


 
 

 

 

2 2 2

2

2

1 72 96 AB
2 2 72 96

5184 9216 AB1
72 96

14400 AB1
6912

 


 

 







 

96 

E 
S 

P 

B 

N S 

60° 
45° 75° 

72 
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2

2

2

6912 14400 AB

AB 14400 6912

AB 7488

AB 7488 86.53 86.4 km

 

 



  

 

 

31. A tree stands vertically on the slant of the hill. From a point A on the 

ground 35 meters down the hill from the base of the tree, the angle of elevation 

of the top of the tree is 60. If the angle of elevation of the foot of the tree from 

A is 15, then find the height of the tree. 

Sol.  

 

BD is the height of the tree and A is the point of observation. 

Let CD = y 

AC = x 

Given that, CAD = 15, CAB = 60 and AD = 35 m. 

In CAD, ysin15
35

   

35( 3 1)y 35sin15
2 2


    …(1) 

xcos15
35

   

3 1x 35
2 2


    …(2) 

In CAB, htan 60
x

   

3 1h x 3 35 3
2 2


     

Height of the tree = h – y  

x 

y 

A C 

B 

D h 

35m 
15° 
60° 
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3 1 3 135 3 35
2 2 2 2

3 1 3 3 3 1
2 2

35 4 35 2 m
2 2

 
   

      


 

 

 

32. The upper 3/4th portion of a vertical pole subtends an angle Tan–13/5 at a 

point in the horizontal plane through its foot and at a distance 40 m from the 

foot. Given that the vertical pole is at a height less than 100 m from the 

ground, find its height. 

Sol.  

 

AB is the height of the tree. 

AD is the 3/4th part of upper part of the tree. 

DB is the 1/4th lower part of the tree. 

Let AB = 100 – x  

C is the point of observation. 

In BCD,  

Let DCA : 1 3 3tan tan
5 5

      

100 x 1 100 xtan
4 40 160
 

     

tan tantan( )
1 tan tan

3 100 x
100 x 5 160

3 100 x40 1
5 160

  
 

  






 

 

 

A 

C B 

100–x 
3(100 x)

4
  

=tan–1(3/5) 
100 x

4
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100 x 480 5(100 x)
40 800 3(100 x)

100 x 480 500 5x
40 800 300 3x

100 x 980 5x
40 500 3x

  


 

  


 
 




 

2

2

2

2

[100 x][500 3x] 40[980 5x]

50000 300x 500x 3x 39200 200x

3x 500x 400x 50000 39200

3x 10800

10800x 3600
3

x 3600 60

   

    

    



 

 

 

Height of the tree = 100 – x = 40 m. 

 

33. Let an object be placed at some height h cm and let P and Q be two points 

of observation which are at a distance 10 cm apart on a line inclined at angle 

15 to the horizontal. If the angles of elevation of the object from P and Q are 

30 and 60 respectively then find h. 

Sol.  

 

A is the position of the object. 

Given that AB = h cm 

P and Q are points of observation. 

Given that, PQ = 10 cm 

We have,  

BPE = 15, EPA = 30, EQA = 60 

In PQA,  

P = 30, Q = 120 and A = 30 

A 

E 

P B 

h 

60° 
120° 

30° 
18° 

30° 
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 By sine rule,  

AP PQ
sin120 sin 30


 

 

AP 10
sin(180 60 ) 1/ 2


 

 

AP AP20 20
sin 60 3 / 2

3AP 20 10 3
2

   


  

 

In PBA, ABsin 45
AP

   

1 h
2 10 3

10 3 5 2 3h 5 2 3 5 6 cm
2 2



 
   

 

 

34. The angle of elevation of the top point P of the vertical tower PQ of height h 

from a point A is 45 and from a point B is 60, where B is a point at a 

distance 30 meters from the point A measured along the line AB which makes 

an angle 30 with AQ. Find the height of the tower. 

Sol.  

 

In the figure 

PQ = h, PAQ = 45 

BAQ = 30 and PBC = 60 

Also, AB = 30 m 

 BAP = APB = 15 

This gives, BP = AB = 30 and 

D 

P 

B C 

A Q 

h 

60° 

45° 30° 

15° 
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h = PC + CD = BP sin 60 + AB sin 30 

15 3 15 15( 3 1)     meters. 

 

 Theorem : - -   iñsûµÀY0 ABC vÑ 

 (i)   
sin

2
S b S cA

bc
 

   (ii)  
cos

2
S S aA

bc


  

 (iii) 
  

   
  

tan
2

S b S C S b S CA
S S a S S a
   

  
  

 

 (iv) 
 

     
 

cot / 2
S S a S S a

A
S b S c S b S c

 
  

    
 

Proof (i)           OÍËÈª´m ¶ªÃhµñ0 ¶mÀ0fº 

 2 2 2 2 2 22 cos 2 cosa b c bc A bc b c a        

 
2 2 2

cos
2

b c aA
bc

 
  

   22sin 1 cos
2
A A   

  
2 2 2 2 2 221

2 2
b c a bc b c a

bc bc
    

    

 
   22 2 2 2

2 2
2

2sin sin
2 2 2 4

a b c bc a b cA A
bc bc

    
     

   2sin
2 4

a b c a b cA
bc

   
  

 2a b c S    we have 2 2S C a b c     

    2 2 2
sin

2 4
S C S bA

bc
 

 
  sin

2
S b S CA

bc
 

   

Proof (ii)  

 
2 2 2

22cos 1 cos 1
2 2
A b c aA

bc
 

     

 
 2 22 2 2

2 222cos 2cos
2 2 2 2

b c aA bc b c a A
bc bc

   
   

 
  2cos

2 4
b c a b c aA

bc
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  2 ; 2 2a b c S S a b c a        

    2 2 2
cos cos

2 4 2
S a S S S aA A

bc bc
 

     

Proof (iii) 

  

 
  

 
sin

2tan
2 cos

2

S b S cA
S b S cA b c

A S S a S S a
b c

 
   

 


 

 

  
 

  
  

  
   

   tan
2

S b S c S b S c S b S c S b S cA
S S a S b S c S S a S b S c

       
  

       
 

 
  

 
 
 

   
   

tan
2

S S a S b S cS b S c S S aA
S S a S S a S S a S S a

     
  

   
 

 Proof of (iv) 

  tan / 2A   ±ÀÇÀÀOµÖ  ¶¢ÁýñhµÖò¶¢À £vÀ¶¢¶mÀ j¶ªÀOµÀ0dÉ cot / 2A   £vÀ¶¢ ¶¢¶ªÀå0l¼.  

   sin
2

S b S cA
bc

 
    sin / 2

S c S a
B

ac
 

    sin
2

S a S bC
ab

 
  

  cos
2

S S aA
bc


   cos
2

S S bB
ac



 cos

2
S S cC

ab


 

 
  

   
  tan

2
S b S C S b S cA

S S a S S a
   

  
  

 

 
  

   
  tan

2
S c S a S c S aB

S S b S S b
   

  
  

 

 
  

   
  tan

2
S a S b S c S aC

S S c S S c
   

  
  

 

 
 

     
 cot

2
S S a S S aA

S b S c S b S c
 

  
    

 

 
 

     
 

cot
2

S S b S S bB
S a S c S a S c

 
  

    
 

 
 

     
 

cot
2

S S C S S CC
S a S b S a S b
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