Properties of Triangles

I)oes C,SO"’&?JJ

Sine rule : In AABC, a b . ,C = 2R, Ré@égé;o D’;S:@”%O

sinA= sinB  sinC
= a=2Rsin A,b=2Rsin B,c=2Rsin C
a:b:c=sinA: sin B: sin C.
Cosine rule : In AABC,
a2 =Db?+ c2-2bc cos A
b2 =c2 + a% - 2ac cos B

c2=2a2+ b2-2abcos C

or
cosA=M; cosB=M; cosC=M = cos A : cos
2bc 2ca 2ab
B :cos C.
= a(b? + c2-a? : b(c? + a2 -b?) : c(a® + b2 -«¢?)
AABC &

a=bcosC+ccosB,b=ccosA+acosC, c=aCosB+bcos A

Mollwiede’s rule : In AABC

Tangent rule (or) Napier’s analogy : In AABC
A-B _a-b C

tan = cot—;
2 at+tb 2
C b-c
tan = —cot—;
b+c 2
C-A c—a B
tan = — —cot—
2 c+a 2
i siné = —u(s—b)(s—c) sinE = —V(S_C)(S_a). SinE = J(s—a)(s—b)
2 be T2 ca ’ 2 ab '

Cosé = M; COSE = S(S_b) ; COSE — S(S_C)
2 be 2 ac 2 V' ab



; tan —
2

A s(s—b) A

._.
=
s
=

N | >
|

_

Sl5—a)
an - J(S—a)(s—b) - \/(S—ais—b)iv_ cot%J( s(s-a) =\/s(s—a);

s(s—c) s—b)s—c) A

cot%=\/ s(s—b) =\/S(S_b); C0t9=\/( s(s—c) =\/S(S—C)

(s—c)s—a) A 2 s—a)s—b) A
2 2 2 2 2 2 2 2.2
4A 4A 4A

8. AABC 623‘8*’@50

i. A= lab sin C = lbc sin A = lcasinB
2 2 2

ii. A= .s@s—a)s—b)s—c).

iv. A =2R? sin A sin B sin C
v. A=r1s

vi. A= Jryo, 1,

9. &0 ABC &

. A A
i.r=—,r1= —-

r A r
o= ——, 13 <
S s—a s—b

ii. r = 4R siné sinE sinE
2 2 2
ri = 4R sinécos cosg
2 2
rn =4R cosésinE cosg
2 2 2
r3 = 4R cosécosE sing
2 2 2
iii. r = (s—a)tan% = (s-b) tan% = tan(s—c)%

ri = s tan = (s—c)cot%

(s-b)s—c) =\/(s—b)(s—c) B _ \/(s—a)(s—c) _ \/(s—a)(s—c).

K



10.

11.

12.

13.

14.

ry=s tan O = (s—c) cot = (s—a)cot—
2 2
r3=s tan9 = (s—a)cotE = (s—b)cot=
2 2
L1 1 1 1
r 4 T, 7

ii) rrirors = A2
i) rirp + rors +rar; = s2
ii) r(r1 + r2 + r3) = ab + bc + ca — s2.
i) (r1—1)(r2 + r3) = a2
(r2 — 1)(r3 + r1) = b2

(r3 —1)(r1 + 12) = C2

.. Iy rr.
ii) a = (r2 + r3) /—1, b=(r3+r1) [,
r2r3 r3r1
A

FF.
c=)r1+1) [|—

hr

i)r1 —r=4R sin?2—, ro—r =4R sinQE, r3~r=4R sinQE
2 2 2

ii) r1+r2=4Rcos,2%, r2+r3=4R0032%, I‘3+I‘1=4RCOSQ§
r; + ro + r3 = 4R, r + 12+ 13 —11.= 4R CcosA, r + r3 + ry— ry = 4R cosB,

r+r;+ry—r3=4RcosC

‘@’ PoWO M Ko 30T 825020 &
2

i)area=\/ia i) R=a/ 3
iiijr=R /2 iv)Jri=12+1r3=3R /2

v) r:Rirn=1:2:3



@@és@b QAT @%lea
1. 2.8 &gomo odwy), Poaren 3,4,5 0B Yoe 0D s‘gbc&&)&
TR S06.
Sol. &,250&0 oBooéb Soeren 3,4,5

P44 =5 5HS §Tomo 0o Tes om0 8w o o =5

“ 1 5
Q0B JZS@“CSQO = 5.(hyp0tenuse)=5

2. Z a(sinB—sinC)=0 @& 33°5)a0
Solutoin: -

Z 2R sinA(sinB—sinC)'.‘a=2RsinA

2R {sinA(sinB —sinC)+sinB(sinC—sinA)+sinC(sinA—sinB)} =0

3. a=3+lcems ZB=30° /C =45 @00 JC -E0H K030

/B=30" 2C=45" but 4+B+C =180"= A+ 75" =180°
A=105°

a c B4 e NEES|
. = = . 0 = 0 = -
sind sinC sin105" sin45 [\E + 1} (

22

C
&

4. a=2%b=38,c=4 0003 cosA D EDHZ030

Solution : -
b+ -at

2D X)J"e‘é)o N0E  cosd =
o 2bc



5. a=26,b=230 cosng Wond 9 C 5 D50

Solution : -

From cosine rule ¢ = a*+ b* 22ab cosc

¢ =(26)" +(30)° —2(26)(}6)% = ¢* =676 +900 1512

5

’=64=c=8

6. 28 §Bom0 & Tewew 1:5:6 NG & &oed oo NG

SIS SISO
Solution : -
A=x B = 5x C=6x

A+B+C=180"=12x=180" = x=15°
~A=15" B=5x15" C=6x15"
A=15" B=75" C=90°

R &)S’.})@o =a:b:c=2RsinA:2RsinB:2RsinC

=sin 4 :sinB:sinC

=sin15" *sin 75" : sin 90° =£: 3+l 1

22 22
=(J§—1):(J§+1):2J5

7. 2{bccos A +cacosB +ab cosC}=a’+b*+c* & QB 0VIAN.

L.H.S= 2bc cos A+ 2ca cos B + 2ab cosc

2 2 2 5 2 )
From cosine rule cosA:bJr% COSBzaerzc——b
¢ ac
a’+b* - ¢?
cos¢ = ————
2ab
b2+c2_a2} a2t — B {az+b2_cz}
P e gl o)

vl - v d + -+ ff+ )~ F =+ b



2 2 2
8. @ +b—c _tanB oy 650808550,

c+a’-b> tanC

b 2
sin B (2RJ b 2ac 2(%( 4)
tan B = = = x =

= = = . abc =4RA
cosB  a’+c*—b* 2R a4+t b %(aercz—bz){ }
2ac
4A . 4A
tainmB=—+—— YtanC= ——
a+ct-b* i a’ +b*—¢?
4A
2, 2 _ 72 2,22
RIS tanB:aJrc b :a2+b2 c;
tan C 4A a+c-b
a+b’ -
0. (b+c)cosd +(c+a)cosB+(a+b)cosC=a+b+c &J QB 0IIW.

Solution : -

(b+c)cosA+(c+a)cosB+(a+b)cosC
bcosA+ccosd+ccosB+acosB+acosc+bcosc
(bcos A+ acosB)+(bcosc+ccosB)+(ceosd +acosc)

c +a +b {from projection rule}

=a+b+c
0. (b—acosc)sin 4=acosAsine &I JBI°HOWIIN.
Solution : -

Z)QB’JS’Q K)S"e‘_é)o DO b=acosc+ccosd

L.H.S =(acosC+ccosA—acosC)sind=ccosAsin 4
= 2Rsin C cos 4sin 4
=(2Rsin 4) cos AsinC
=acosAsinC

10. If4, 5 are two sides of a triangle and the include angle is 60° find the area
Solution: -

Givenb=4 C=5 A=560°

Area of triangle A= % bcsin A= % x 4 x5 sin 60° = 54/3



11. bcos2%+c0s2§:S LIS IEROLIS) PAWN)

Solution : -
S(S — -
c0s € = (S-C) cosB _ [S(S-D)
ab 2 ac
S(S-C S(S-b
bc0s2£+cc0s2£=b ( )+c ( )
2 2 ab ac
=§{S—c+s}=i[2s—b—c]=i{a+l{+¢—7x—¢}
a a a
=S
12 4P L € 58 ABC 3%0wrIn §250m0 0 SrH)Ew0
cosdA cosB cosC
Solution: -
a b ¢ 2Rsin4 2RsinB _2RsinC
cosd cosB cosA cos 4 cos B cosC

tan4d=tanB=tanC = A4=B=C

.. Triangle ABC is equilateral

13. TacotA=2R+1) &I BN

Sol. XacotA =X2RsinA Gl

SInA

=2R>cos A

=2R 1+4sinésinEsin9
2 2 2

=2 R+4RsinésinEsing =2(R+r)
2 2 2



14. AABC & ri+ra+r13-r=4R & So°)NW.
Sol. r1i+m+r3—-—1r= 4Rsin%c0s§cos%+ 4Rc0sésinEc0sg+4Rcoséc0sEsinE
—4R sin é sin E sin 9
2 2 2
A B C .B.C Al . B C B. C
= 4R sin—| cos—cos— —sin —sin— |+ 4R cos—| sin —cos — +cos —sin —
2 2 2 2 2 2 2 2 2 2

B+C

:4Rsin%cos( J+4Rcos%sin(

B+Cj
=4R sinésinéJr 4R cosécosé
2 2 2 2

= 4R | sin® é +cos? é}
2 2

= 4R | . sin? é+c0s2 A =1
2 2

15 c—bcosA:cosB 9) 755"@5’3&0
b—-cosAd cosC

Hint: :)é;f)ga K))“’@:’)@é&oc% C=Db coA + acosB

b=acosC+ CcosA

16. a{bcosC—cCos B} =b*—c’ & W3°H)d0

Solution : -
a{bcosc—ccosB} =ab cosc —accos B

2, 2 2 2, 2 g2
R.HS & cosCz%, cosB:u )8 E2030a.
a ac

17. AABC & Z(b+¢)cos A=2s &I N3°J)I30

Sol. L.H.S.
= (b + cjcos A+ (c +a)Jcos B + (a+ b)cos C

=(bcosA+acosB)+(ccosB+bcosC)+ (acos C+ ccosA)



=c+a+b=2s=RH.S.

18. AABCS® (a+b+c),(b+c—a)=3bc ®onad A ZFI0.

Sol. 2s(2s - 2a) = 3bc
55678 3 o222
bc 4 2 4

= cos— =— =c0s30°
2 2

.'.%=30°:A=60°

18. AABCQSbl-Fl-Fl !

1.1 w2 sesm
L I, r; T

Sol. LHS. =Lyl Ll_s-a s=b s-c
L L, o A A

_3s—(a+b+c) 3s-2s
A

S _
A A

19. AABC & mpnr =A% @ 3529w
Sol. L.H.S.= rr1r2r3:é~ A : A . A
S s—a=S—b s—c
4
=%=A2=R.H.S.

20. 2.8 JRerI YPoeo & % Dend ERM 3w

4R sin é sin E sin 9
Sol.

ol 2 _ 44in?30°
R R
3
2

21. Ifrro = rirsod, BEA0I0.

%('.’A:B=C=60°)

A A A A
Sol. 1, =1n=>—-

s s—b _s—a.s—c
= (s—a)(s—c)=s(s—b)




N (s—c)(s—a)

=1:>tan2§=1
s(s—b) 2

:tanE:1:E=45°:>B=9O°
2 2
22.A=90° 08 2(r+R)=b+c ®d SHI0

Sol. LH.S.=2r+2R=2(s-a) tan%+2R~1

=2(s—a)tan 45° + 2R sin A
=(2s-2a)l +a (."A=90°)
=b+c

= R.H.S.

23. Yomo & rlcotg NS & 3308006, S
Solution : -
C
ZrlcotA/2=r1 cotd/2 +r, cotB/2+r300tE
rn=stanA4/2 r,=stan B/2 r=stanC/2

=Stan§cotA/2+StanB/2 cotB/2+s tan%cot%

=s+5+5=3s

i 3 “
243 DR SHISOFORIY

r

(s—a)(s —b)(s —c) " (s—a)(s—b)(s —c) " (s— a)(s —b)(s —c)



30) HIPED D

1. 9,5080 ABC & acosAd+bcosB +Ccosc=4RsinAsin BsinC & w33°) 300

Solution : -

L.H.S =acos A+bcos B+ CcosC=2Rsin A cos A+ 2sin B cos B + 2Rsin Gcos C
= R{sin24+sin® B +sin’ C}
Given that 4+ B+ C=180°
. LH.S =R{sin(4+ B)cos(4-B)+sin2C}
= R{2sinC cos(4 - B)+2sinC cos C} = 2Rsin C {cos(4=B) + cos C}
= 2Rsin C{cos (4 - B)+cos (180" — 4+ B

=2RsinC{cos(A—B)—cos(A+B)}:4RsinAsinB sinC
2. Z a’sin(B-C)=0 e 33750

Solution : -
> adsin(B~C)=>" (2RsinA) sin(B-C)=8R* Y sin’ Asin(B-C)
8R' Y sin’ Asin Asin(B—C)=8RY sin’ 4sin(180" B +C)sin(B - C)
{-4=180"-B+C|
= 8R’Y sin’ Asin(B+C).sin(B—C)=8R* Y sin’ A(sin® B—sin’C)
=8R’ {sin’ 4 (sin’ B —sin’ C) + sin’ B(sin’ C —sin’ 4) +sin’ C (sin’ 4 —sin’ B)}

=0



asin(B—C) bsin(C-A4) Csin(4-B)
b —-ct B C*-d* B a’ - b*

3. 830230ABC & LIS IERULIS) PAWN)

Solution : -
asin(B—C) _ 2Rsin 4 sin(B —C) ‘*a=2RsinA:b=2RsinB
B —c*  4R? {sin2 B —sin? C} C =2RsinC from sine Rule

L sin(B+C).sin(B—C)
2R sin’ B —sin*C

{ sind =sin(B + C) In a triangle ABC}

LsinzB—sinzC_L
2R sin* B—sin’C 2R
bsin(C-4) 1 Csin(4 - B)

gdagore AL BT E) L 0 Svdinesw
¢ —a 2R a —b 2R

4. i+cosA:i +cosB:iJrcosC 99 755"5’9)5’3&3
bc a ca b ab c

Solution : -

a cosd a+bccosA

bc a abc
2, 2 2
cos 4ot —a
2bc
p %[bz-l- c? —az}
a2+bccosA_a > 2be 28+ P+ -d
abe abc 2abc
at wb:+ct
2abc
p2 ﬂ%(a2 +ct —bz)
J’_
I £+cosB_b2+accosB_ 24 s

ca b abc abc 2abc

Py Cose a’+b*+c’

ab c 2abc



1+ cos(4 - B)cosC _d b

1+cos(A4—C)cosB

Solution : -

a’+c

@ SR

OPOBOABC & A+B+C=180"=C =180 -4+ B

B =(180° —FC)

I+ cos(A— B)cosC  1+cos(4-B)cos(180° — 4+ D)

1+ cos(A4—C)cos B 1+ cos(A—C).cos(180°—A+C)

1= cos(4—B)cos(A+B) 1- {COS2 A —sin? B}

- cos(A4—C)cos(A+C) 1- {cos2 A — sin? C}

2 2
a b
_1-COS2A+SinzB_Sin2A+SinzB_4R2+4R2_az-i—bz
l—cos’* A+sin*C  sin*A+sin’C  a N c? a® +é
AR* AR?
6. C=60" wond (i) 1+ 2 1) 220 LT e Srgsw
b+c c+a ¢ =a -b
Solution : -
Given C=60°

C*=a*+b*-2abcosC

C’=d’ +b —Zab{%j

C* +ab=a* +¥b’

a
b+c

b
c+a

+

ac+a’* +bc+b*

a’ +b’+ac + bc

(b+c)(c+a) ~ be+ab+c +ac

But a’+b*=c* +ab

¢> +ab+ac+bc
bc+ab+c* +ac

1



.. b bic? -b*l+alc*-ad’
(ii) PO +c2ib2 =0= {(cz_az})(cz{_bz) }

zbcz—b3+ac2—a3 zcz(a+b)—(a+b){a2+b2—ab}
(cz_az)(cz_bz) (Cz_az)(cz_bz)
(aer)[c2 —{azerb2 —ab} ] ~ (aer)[c2 —(c2 +ﬂ5—ﬂ5)]
(¢

A e )

=0
7. ®omoaBC &L 4 L o3 o8 o600 @ SrhHsw
a+c b+c a+b+c
Solution : -

. 1 1 3
Given + =
a+c b+c a+b+c

a+b+c+a+b+c_
a+c b+c

3

(a+c)+b+a+(b+c)

,t{+c+b+a b/O/c

=3= + =
a+c b+c /{—c atc . b¥c W
b a b* +bc+a* +ac
+ =1= 5 =
at+c b+c ab +ac+bc+c

a® +b*=c* =ab = 2ab.cosC= ab { a® +b* = ¢* =2abc cos C}

cosCzﬂzl:C:wO cosC=ﬁ=l:>C=6O0
2ab "2 2ab

8. a:b:c27:8%9 69 cosd:cosB:cosC LT HI0

Soltion : -
12
P+t —a®  64k:+ 81— 49k>  96K°
cosA4d= = =
2be 2(8k)(9%) 2x 8K x9K
a’+c*—= b 49k +81k* — 64k* 66> 11
cosB = = — -
2ac 2 x 7k x 9k 7 %63 21
a’+b* = 49k + 64k* —81k* 32k* 2
cosC = = = -=
2ab 2x Tk x8k 20k <8k 7
.'.cosAzcosB=c0C=z=£=%=2x21=£x21=gx21
3 1 7 3 21 7

=14:11:6



2 2 2
9 cosA+cosB+cosC=a +b° +c 099 155"@;’3&3

a b c 2abc

cosd cosB
+ +

LHS

cosC  bccos A+ cacos B+ abcosC

a b c

_ 2bccos A+ 2cacos B+ 2abcosC
2bac

abc

:b2+c2—/+/+/—}/+a2+%/—/

2abc

{ 2bccos A=b> +c* —a’:2accosB=a’ +c*— b’

2abcosc=a’ +b* + ¢

_aerb2 +c?
2abc

10.(b—a)cosc+c(cosB — cosA)zcsin[

Solution : -

(b —a)cosc+c{cos B—cos A}

|

Bj (A+
cosec

B

j 90 B3 B0

bcosc —a cosc +¢os B — cos A =(beose+ cos B) — cacos C + cos 4

=a-b (DI J°TON0E)

=2R{sinA—sinB}
=2R<2cos Y sin A-B
2 2
2R 2sinCsin(A_Rj
2 2

C
COS —
2

2R 2sin£cosg sin A-B
B 2 2 2

C
COS —
2

2Rsin C sin (

= 2 chsinCsin A-
) (A+Bj 2
sin 5

.+ In a triangle ABC
£= 900_A+B ;A+B=900_£
2 2 2 2

C
COS —
2

BJ (A+Bj
cosec T




(s - a)(s—b)

11.asin2£+csin2£=ﬂ/ +e
2 2 Ab

bc
(s—b){s—a+s—c}
b
(s—b){sz—ac} :(S_b){/erbJF/_ﬁ{—/} =(s—b)

12. b+c=23a 0B cot?cot% PSR SISO

Solution : -

oot cot & = s(s=b) s(s—c)
tz tz \/(s—a)(s—c) \/(S—a)(s—b)

=J< S50 s(e) s s

s—a)(s—c)'(s—a)(s—b) Cs-—a Z(S—a)

_b+c+a 3a+a 4a

= = =—=2
b+c—a 3a—-a 2a

13. (b- c)2 coszg +(b+ 0)2 sin’ g =a’ 90 TP
Solution : -
(b- c)2 cos’ A +(b+ 0)2 sin® %
2 2
{b2 +ct - 2bc} cos’ N + {b2 +ct+ 2bc} sin’ A
2 2
b* 1 cos’ . +sin’ 4 +¢*{ cos? A + sin? Al 2bcA cos? A_ sin’ A
2 2 2 2 2 2
b*+c’ —2bccos A =a’ (from cosine rule)

. ., B
I prove that (i) (c - a)2 cos’ % + (c + a)zsln2 2" b’

(i) (a- b)zcos2 % +(a+ b)2 sin’ % =c?]



14. 82080ABC & r+ri+ra—r13=4Rcos C & 0°QN0

Sol.

. . B . . A B A . B A B.
r+14+10, -1 = 4Rsmésm—sm9+4Rsm—cos—cos9+4Rc0s—s1n—cos9—4Rc0s—cos—sm9
2 2 2 2 2 2 2 2 2 2 2 2

A B cC .B.C Al . B C B C
=4R sin—| cos—cos— +sin —sin — |+ 4R cos—| sin—cos— — cos—cos —
2 2 2 2 2 2 2

:4Rsinécos B-C +4Rcosésin B-C
2 2 2 2

=4R cos B+C cos B-C +4R sin B+C sin B-C
2 2 2 2
B+C B-C . (B+C). (B-C
=4R| cos cos +sin sin
{ ( 2 j ( 2 j ( 2 j ( 2 ﬂ

B+C_B—CJ

2
B+C—B+Cj

:4Rcos(
:4Rcos(
=4R cos% =4R cosC

15. T1+To+T3=T 009 ZC.=90° @ 33°)aN

L +r
Sol. n+n=r-n=t=l=

™ .1
r—r,

L+, = 4RsinécosEcos9 +4Rc0sésinEc0s9
2 2 2 2 2 2
C/l. A B A . B
=4R cos—| sin—cos—+cos—sin—
2 2 2 22

3 4Rc0s9{sinA+B}
2 2

:4Rc0s9~cos£
2 2

= 4R cos’ 9
2



r—1; = 4RsinésinEsin9— 4RcosécosEsin£
2 2 2 2 2 2
= 4Rsin9 sinésinE—cosécosE
2 2 2 2 2

= 4Rsin9 —COS(A+BJ
2| 2

=4R sing —sing}
2| 2

=—4Rsin29
2
4Rsin29
75 2 :tanZE
I +1, 4RCO529 2

- tan? % =tan45°  From(l)
% =45° .. ZC=90°

16. 4(rira + ror3 + rar1) = (@ + b + ¢)2 @ BP0V 06

Sol.  4(rirz + rorz + rari) =4{ a4 A a4 }

. + . + .
S—a S-bS=b S—-¢ S-c¢c S-a

=4A°

[S—c+S—a+S—b
| (S=a)(S—b)(S—c)
[ 3S—(a+b+c)

| (S—a)(S—b)(S-¢)

=4A vé
| S(S=a)S-b)(S-0)

= 4A?

2
= 4A2% = 48?

=(2S)° =(a+b+c)’

17. [Llj[l_lj[l_l}@:“_l‘ 9 DBETH0S0E

3 22
r 5 ){lr n){r A" 1S

1 1 S S-a_ S-S+a_a
r n A A A A



r r, A r r; A
LHS :[l_ij[l_Lj[l_Lj
r n/\r o )\r n
_abc _abe
AAA A3

_ARA R AR _Rus

A AT 1Sy

18, ATE) L wen assnos0d

Jrr, + s + s

Solution : -
LHS
A | A A A?
s—a{s+b+s—c} _ (S_a)(s_b)(s_c){s—bJrs—c}
A? AZ A2 A?
R e RN (s AR GO

A R I N
(s—a)(s—b)(s—c) A \/ﬂ

19.r(r1 + 2 + 13) = ab + bec + ca — S2 @ JBIN0W0G

Sol. L.H.S.=r(rn+12 + 13)

A( A A A j
=— + +

S\S—-a S-b S-c
[(S=b)(S-c)+(S—a)S—c)
A? +(S—a)(S-b)

S (S—a)(S-b)S—c)

_ A?[S*-Sc-Sb+bc+S? ~Sc—Sa
A?| +ac+S? —Sb—Sa +ab




=38 -2S(a+b+c)+bc+ca+ab
=3S%-4S? +bc+ca+ab

=ab+bc+ca—S>
=R.HS.

20.(x, +r2)tan% = (14 —r)cot% =¢ @0 JBICN0W0CG

Sol. (5 +r,) tan%

= 4R cos’ 9 tan 9
2 2

=4R singcos9
2 2
=2RsinC=c (D

(5-1) cotg =4R singcotg
2 2 2

:4Rsingcos9
2 2
=2RsinC=¢ .(2)
(1), (2) © Nocs

(r1+r2)tan§:(r3—r)cot%=c
21. AABC & a, b, c & AP. & &0&&rI8 eﬁ&’)?é?gé ZJO‘;SZ_JDO r1, To, I3 O

H.P.& &G0t a0 W¥3°J)00

Sol. 11, 12, r3 @ H.P. ém‘gow & l,l,l 20 A.P. &0&3°0oN.

LR

s—a s—b s—c
9 9

A A A

. AP. &0&5°0N.

&s—a,s—b,s—c. @ A.P. &0eJP0oN.



& -a,-a,—c 0 A.P. Go&PoN.

<a,b,c2 AP, GO&C0N.

22. A, A, A, A, @z‘jowooﬁméb 9038 DO a)“’:y’?g Q)T 522‘3°Q7°§@°

Solution : -

Here A=nr’ A =nr’; 4, =nr ;A =nr

1
RRR Y ey e e

l+l+l _L{s—a+s—b+s—c}
A A Jr oA A A




&g DIPET @F) o0

2 2 2
1. AABC &, cotA+cotB+cotC=% 0 T3°) W

Solution : -
cotA= Cf)SA
sin 4
2 2 2
cos4= L te—a’
2bc
P+t -a°
— 2, 2 2 2, 2 2
- cot = 2bf4 :bZZ—:c' j _ b1+c a
st csm 4{2 bc sinA}

2 2 2
cotAzm A =lbcsinA
4A 2

. a*+c’ b a’+b*-¢?
I cotB=———— cotc=—"—"
4A 4A

b+t -dt +a2+cz—b2 Jra2+b2—c2
4A 4A 4A

=b2+c2—/+/+/—%+a2+/l/—/
4A

cot 4+ cot B+ cotC =

B a+b*+¢?
4A

2. cot%:cotg c0t§:3:5:7 oD a:b:c=6:5:4 I Q) N
Solution : -

cotézcoté:cotgz S(SA_a) : S(S_c) =6:5:4

Ss—a:s—b:s—c=6:5=4

Let s—a=3k s-b=5k s—-c=Tk
(s—a)+(s—b)+(s—c)=3k+5k+7k
3s —2s =15k = s =15k
s—a=3k=>15k-a=3k=a=12k
§—b=5k =15k -5k =b=b=10k
s—c=Tk=15k-Tk=c=c=8k



a:b:c=12k:10k:8k=>a:b:c=6:5:4

3. @)@J&OABC €3°(a+b+c) tan£+tan£ =2ccot£ &9 155"8’9_);530
2 2 2

Solution : -

(a+b+ c){tang + tang} = 2s{(s “h)s=¢) , (s=e)(s- a)}

A A

=¥{s—b+s—a}

=2cot%{2s—b—a}:>2cot%{/{+1{+c—}{—,a/}

=2c cotg
2

4. cosA+cosB+cosC= 1+% @ I Y)W

Sol. L.H.S.=cos A+ cosB +cosC

.A . B.C
=1+4sin—sin—sin —
2 2 2

4R sin é sin E sin 9
2 2 2

5. cos2é4r00s294r00529=2+L @ 33°) N
2 2 2 2R
Sol. wL.H.S. = cos2é+cos2E+cos29
2 2 2

=2+ 2sinésinEsin£
2 2 2
(from transformationsPROVE THIS IN EXAM )

4RsinésinEsin9
—74 2 2 2

2R

=24+ —RHS.
2R



2
6. cotdicotBicotS = @d SrHsw
2 2 2 A

Solution : -

s(s—a) s(s—b) N s(s—c)

A B C
cot—+cot—+ cot—= +
2 2 2 A A A

S s s
ZX{S_a+S_b+S_C}:X{3S_(a+b+C)}ZX(3S_2S)

2
N N
AN

_ 2
7. tan§+tan§+tan§:bc+cazab 5 ed WI° Q) AN

Solution : -

A B
tan— + tan— 4+ tan —
2 2 2

(s—b)(s—c) Jr(S—c)(s—a)Jr(s—a)(s—b)

A A A

s’—cs—bs+bc+s*—as—cs+ac+s* —bs—as ¥ ab
A

3s* —2as — 2bs — 2¢s + be +ca+ab
A

bc + ca + ab + 3s? —2S(a+b+c)_bc+ca+ab+3s2—2s(2s)
A B A

bc + ca+ ab +3s” =4s? _bc+ca+ab—s2
A A

A B C
COtE + cot— + cot —

@ S350

cot 4 +cotB +cotC

s(s—a) Jrs(s—b) Jrs(s—c)
A A A

) A B C
Solution : -cot—+ cot— + cot— =
2 2 2

2
S S
A

i{s—a+s—b+s—c}— {3s—a—b—c}=ix(3s—2s):



b’ +c-a

(g8 2he b+ -a’ bl -d
sin 4 sin 4 besin 4 A {1 be sin A}
2
b’ +c-a’

= ’.‘lbcsinAzA
4A 2
P+t —a* F+adt-b dF+bP -
+ +
4A 4A 4A

cot4+cotB+cotC =

VP +cf—ad*+c*+a’ -b+a*+b* - _az+b2+c2

- 4A 4A

coté+cot§ +cotg i
2 2 2 A s 4K
cotAd+cotB+cotC  a*+b*+c* K a*+b*+¢
4A
45> (ZS)2 B (a +b+ 0)2

= = ]

aA+b+c* A+bP+ A +b+

9. 3 (a+b)tan[A;Bj=O 9 B335

Solution : -

> (a+b)tan(A

A-B a—-b C
tan = cot—
2 a+b 2

j from Napiries Rules

Z (a+b)tan(A_
¥ (a—b)s(s—c) _

s
A A

iz S(a—b)—c(a—b)=0

—_
[
|
S
~—
—_
[}
|
o
~

i[s(a—b)+s(b—c)+x(c—a)]—{c(a—b)+b(c—a)+a(b—c)} =0



10.b_ccot£+b+c

tan£:2cosec(B—C) @ TI3°)W
b+c 2 b-c 2

Solution : -

~C cota/2s 2EE

tan A/2
b+c —c

b-c A [B—CJ
cot— =tan
b+c 2 2
b+c A B-C
tan — = cot
b-c 2 ( 2 j
B-C
+ cot
e 255
( c) (B Cj .Z(B—Cj Z(B—Cj
sin +cos’| ——
2 _ 2 2
B-C B-C B-C). (B-C
cos cos sin
25) (5] (55
2

2s1n(B Cjcos( - J sin(B—C)zzcosec(B_C)

2

From Napiers Rule

. LHS:tan(B_C

[\

11. sin@ = Gﬁoooé%cosﬁz%/ﬁ cosﬁ @ w33°)W
b+c b+c 2
Solution : -
sinf'= — cos’0=1-sin’ O
+c
5 2 5 (bJrc)z—a2
ncos"f=1- >=>cos O=-——""——
(b+c) (b+c)

g b 2be—d (b*+¢* —a’)+2bc
(b+ c)2 (b+ c)2
_ 2bc cos A + 2bc _ ZbC{l + cos A}
(b + 0)2 (b + 0)2




2bc><20052£
coszez—z2
(b+c)
2wWbe A
cosf = cos—
b+c 2

12. a=(b+c)cosd e9000 3 sin0=2\/§ cos% @ T30

b+c

Solution : -
a=(b+c)c0s0:>b =cosf
+c
2 2_ P
Sin29=1—c0s20=1—(ba ? :sinzez—(b(zc) )2a
+c +c
2 2 2 b2+ 2 2 +2b
sin29=b+c(b+2b)‘j @ o=t ;b a)z 1
te +c
sin’0 = 2bc cos A J; 2bc ~sin?l 2bc {1+ cozsA}
(b+c) (b+c)

A
2bc| 2cos* =
c( cos 2) N
————— 4 =sinf= cos—
(b+c) b-c

sin?@ =

13.  If a=(b—c)secl ©02S tan0=2\/§ sing @ TI3°)N

—C

Solution : -
2

secl=—2" = tan* O =sec’ O —1=—2 ~=1

b—c (b—c)

2 (p—cV 22
tanzezwztanzeza b c2+2bc

(b—c) (b—c)
a6 = 2bc — {b2 + = az}

(b-c)



_ 2bc—2bccos A 2bc[l—cos A]

tan” 0 > 5
(b—c) (b—c)
A
2bc (2sin2 j
tan” 0 :—22: tan @ = 2\/5 siné
(b_c) b_C 2

14.  acos@=bcos(C+0)+ccos(B-0) 90003

Soluton : -

RHS =b cos(c+0)+ccos(B—0)=b{cosc cosd —sincsin6}
+c{cos B cos O +sin Bsin 0}

=bcosccosf® —bsinsinb + c cos B cosf + ¢sin B sin 0

=cosf {b cosc+ccosB} —s—;/sinﬁ +%sin6 =acosb

15. 82020ABC & Tewen AP & & 0d $H8050
bic=+3:1/2 003 4=75" IRULPS)PNUN)

Solution : -

§%os0ABC &' Teren aP & GIv)ow.

S 2B=A+C=3B=4+B+C but 4+ B+C=180"
~.3B=180" =B =60’

bic=3:42
2RsinB=2RsinC=\/§:\/§:>sinB=sinC=\/_ =\/§

sin 60" =sinC=\/§:x/§

?:sinsz/g:ﬁ:éXﬁ:)gSinc

. 1
=sinc=—=C=45°

NG

A+B+C=180"= 4+60° +45°=180° = 4 =75"c (proved)



2 2 .
a +b~  sinC od

16. =
a’—b’ sin (4 —B)

BZ8OABC 3500550 80 00 e

B,P0WO @D I

Solution : -

a’+ b’ sinC

Given (a2 —bz) = sin(A - B)

= (a’+b*)sin(4- B)=(a’ - b’ finC

Using sine rule we have

AR {sin® 4-+sin® B) sin(A - B)= AR {sin’ 4—sin’ B} sinC
{sin> 4+ sin® B} sin(4 — B) —sin(4— B)sin (4 + B)sinC =0
But in triangle ABC sin(A4+ B)=sinC

~.(sin® 4+ sin® B)sin (4~ B) - sin (4 — B)(sin C) (sin G} 0
sin(4 - B){sin® 4 +sin’ B —sin* C} =0

sin(A4—B)=0orsin> 4+sin’ B=sin’ C

A=Bor a*+b*=¢

. triangle either isosceles or right angled

17. cosA+cosB+c0sC=% 20 OBOBVOABC 3202 ID 8230230 @9
IRULPS)PNWN)

Solution: =

cosA+cosB+c0sC=% :>2cos(AJ2rBjcos(A;Bj +cosC=%

2cos 900—£ cos A-8 +c0sC=i
2 2 2

2sin£cos[A_
2

Bj+1—2sin2%=3/2

2sin£cos 4-8 —2sin2£=l
2 2 2 2



4sin < cos —asin? € o121+ 4sin €~ 46in Ccos[ A28 | 20
2 2 2 2

2

2s1n -2 2s1n—cosA —B + cos’ 4B —cos’ A-B +1=0
2 2 2
. C A-B
2sin— — cos + sin
{ 2 ( 2 j} ( j

C.2sin g —CoS
2

. C (A -B
.'.2s1n3=cos

A-B -B

=0

j 0 and s1n

jandA—Bzo

2sm£—l:>——300:>c 60°
2 2

A=B..A=B=60"

Hence trangile is equilateral

cos’ A+ cos’ B +cos’C=1 03 8,20R0ABC 002 e 8,200 @

cos’ A+ cos’ B +cos’ C =1_=> cos? A+€o0s’ B—1+cos’ C=0
cos’ 4 —sin’ B+ cos’ C =0=c¢os (A4 — B)cos(A— B)+cos’C=0
cos (180° —¢). cos( A= B).+ cos’ C =0

— cos C cos (A= B) +cosC =0

— cosC {cos(A4 — B)—cosC} =0

—cos C{cos(4—B)—cosC}=0

= cosc{cos (4~ B) - cos(180° ~ 4+ B)| =0

0

—cosc {cos(A —B)+cos(4+ B)}

—cosc {cos(A —B)+cos(4+ B)} 0

2cosAcosBcosC=0

=cosA=0o0rcosB=0(or)cos C=0
A=90° (or) B=90" or C =90°

. Triangle is right angled triangle



19.4> +b* +* =8R> S &,0R0ABC oo S LERANE TSR R
Solutin : -

Given a’+b*+c* =8R’=> 4R* {sin’ 4 +sin’ B +sin’ C}=8R

sin®> 4+sin’ B+sin”’ C=2=1-cos” A+sin’ B +sin’ C =2

1—{cos2A—sinzB}+1—cos2 Cc=2

—cos(A—B)cos(A4—B)—cos’ C=0

cosC cos(4 - B) - cos” =0=> cos C {cos (4~ B)—cosC} =0

cos C {cos(4- B)+cos(A4+ B)} =0=>2cos 4 cos B cosC =0

cos A=0o0r cos B=0(or)cos C=0=4=90" (or) B=90" (or) C=90’

20. cotg,cotg,cot% ) AP &0e3 a,bc @ AP G050 B HIW

Solution ; -

A B .
cot—, cot 3 Cot% are in AP

2c0t£=c0t£+c0t£: ZS(S_b) = s(s—a) + S(S_C)
2 2 2 A A A

:>2(s—b)=(s—a) +(s—c):>a—b+c=2s—a—c

a+c—-b=gd+P4F~ad—-—¢=a+c=2b

, C

21. sinzg,sinzg,sin 5 o0 HP &0&3 a,b,c ©0 HP & &0er030 INCLPO NN

Solution : -

sin® g, sin’ E, sinzg are in HP

(s=b)(s ) (s=e)(s—a) (s—a)(s—b)

, , are in HP
be ac ab
bc ac ab )
> , HP
(5 b)(s—c) (s—a)s—c) (s—a)(sb) ="
Multiplying with (s=a)(s=b)(s=¢) we have

abc

)

NW



P (s—a)(s =b)(s —¢) AE(sG) (s—b)(s~C] ab (sG] (sF)(s=c) .
abe(sB) (€ gt (sG) (3€) b (3G (5]

s—a s—b s—c

are in AP

b b

a b c

Adding ‘1’ to every term we here

S_a+1,s_b +1,27% 41 are in AP

a b c
E’E’E are in AP :l’l’l are in AP
a b c a b c

a, b, c are in HP

22. a’cotAd +b? cotB+czc0tC=aTl?c @ T3I°) W

Solution: -

a’*cotA+b*cotB +c’cotC

A cos B cosC
4R sif? Ax S22 L 4R si? B S5 2 R sin? ¢ S8
)s«n{A )s«n{B M
2R*{sin2A4 +s1n2B+sm2C}
2R*{2sin (A4 + B) cos(4 — B)+ sin2C}

{
{
2R? {2s1nC cos(A4—B)+2sinC cos C}

2R? 2s1nC cos (4- B)+cosC}}=4RsinC{cos(A—B)—cos(A+B)}

212R%si i B sin C}
4R*sin C'sin Asin B = }(/ =

(2R sin A) (2R sin B) (ZR sin C) _ahc
R R




23. ac0s2§+bc0s2§+ccos2§=s+% e W)W

) A B C
Solution: - acos? By +bcos® By + ccos’ >

a(1+cos 4) .\ b(1+cos B) . ¢(1+cosC)
2 2 2

a+acosA+b+bcosB+C+ccosC_(a+b+c)+

2 2
(a+b+c)+{acosA+bcosB +ccosC}
2
25+ 2Rsin Acos A+ 2Rsin B cos B+ 2R sin C cosC
2
2S5+ R (sin2A +sin2B +sin2C)

2

28 + R{2sin(A+ B) cos (A —B)+sin2C}
2

25 + R{2sin C cos(4 - B) + 2sin C cos C}
2

2S5 + 2R sinC{cos(A — B) +cos C}
2

28 + 2Rsin C{cos(A — B) = cos(A + B)}

2
2S+4Rs1n;4 i Seefln C =S +2Rsin4sinBsinC
S+ 2R*sin A sin BsinC A
=5+—

R R



24. sin2%+sin2§+sin2%=1—§ @ TI3°)W

Sol. L.H.S.= sin2é+sin2E+sin2£
2 2 2

l1-cosA 1-cosB 1-cosC
= + +

2 2 2
3 1
:5——(COSA+COSB+COSC)
3 1] . A . B.C
=———|1+4sin—sin—sin—
2 2 2 2 2

(. from transformations)

4RsinésinEsin9
3 1. 22 2

2 L R
2 2. R
31 r r

25. i.A=rr, /m. i a=(r+n) | @ IHI0
L+1 nh
Sol. i)R.H.S. 11, /m

( 1, +1, = 4R cos’ %}

4R (1 —cos> Cj
2

4R cos? 9
2

=nr



~ A? (S-b)(S-a)
"~ (S-a)S-b)\ S(S-¢)

A? A?
T SG-a)5-b)E-o A

_ A(2s-b—) S = _C)_A/{ﬂ’+b/+¢—,b’—¢}_a
= 5 = =
{ (s—b)(s—c)} \/s(s—a) s(s = =b)(s —c¢)
26. 17 +17 +13 +17 =16R* —(a’ #b” +c?) @D SoPHI0
Sol.
(1 1y + 1, — 1) =104 1 1y + 17 = 20(15 + 1) + 1) + 2(5 1 + oy + 151 ()

But [1, +1, +1; £1]=4R and 51, + 1,13 + 131, = S
16R? =[n+1+r —r]2
ThrhEh

2020 2, 2, 2
16R" =1 +1; +15 +1° =2r(1; +1, +13) + 2(1y1, + 5,13 +131)
=154ty + 15 17 = 2r(1 + 1, +13) + 287

2_2,2, .2, 2 2 : -
16R” =1 +1; +15 +1° —2(11 + 11, +113) + 2S” Consider 2(rr1 + rr2 + 113) =

A? A? A?
+ +
S(S—a) S(S-b) S(S—c)




(S=b)(S—c)+(S—a)(S—c)+(S—a)(S—b)]
S(S—a)(S—b)(S—c)

_onel

_2A?

X [8?~Sc—Sb+be+S?~Sc—Sa+ac+S’ ~Sb—Sa-+ab |

=2[382—28(a+b+c)+ab+bc+ca]

2[352 482 +ab+bc+ca]
[

=2[ab+bc+ca]-25

2 ab+bc+ca—SzJ

From (2)

S AL AT 1

=16R* + 2r(f; +1, +13) — 28*
=16R? —28% +2(ab + bc +ca) — 2S?
=16R? —4S% +2(ab +bc +ca)

a+b+c

2
:16R2—4( j +2(ab+bc+ca)

=16R” = (a+b+c)’ ~2(ab+be+ca) |

=16R? —(a’ +b* +¢?)

27. B, P, P o 30°0 208 50wl NdS aldes eond

PRI SR B Ko NS S B ¥
P P, Pt P P, P, 1

(abc)®  8A® -

iii) PP,Pp=—=—— @9 W¥I°Q)d0

( ) 1= 233 8R3 abe J

Sol.

A=Lap,a=Lop, A= Lep,
2 2 2

a b c

I 1 1 a b ¢

) ot Ty

PP, P, 2A 2A 2A

_a+b+c 2S5 1

20 2A




1 1 1 a b ¢

i) ————=—+———

PP, P, 2A 2A 2A

_a+b-c 25-2¢ S-c 1

20 2A A

iif) PP,P, === 2. 22
a

65

28. a=13b=14c=15 0 R==>r=4 rl=% r, =12 and r, =14

Sol. a=13,b=14,c=15

_a+b+c 13+14+15 42
2 2 2

S 21

S—a=21-13=8,S-b=21-14=7
S—-c=21-15=6

A=/S(S-2a)(S-b)(S—c)
=J21(8)(7)(6) =v/21x16x21
=21x21x4x4 =21x4 =84

R—@— 13x14x15 _@
4A 4 x84 8

@ S350



29. £=2r=3r=6®3 r=1a=3 b=4c=5 @ T3°Q) N

Sol. A’=mmnr=1-2-3-6=36

A*=36=>A=6
A 6
r=—=— S:6 I‘=1
S™s ( )
L= A :S—a=é
S—a I
a=s-2_6-8_6_3-3
L 2
_b 1‘2
b=s-2_6-3-3
5
S_C 1‘3

30. azcotA+bzcotB+czcosC=% 9 T33°Q) N

Sol. L.H.S. a’cotA+b’cotB+c’cosC

cosA

= 4R sin* A ==L 4R ? sin? Bc?ﬁ

+4R % sin’ C—C(by sine rule)
sin A sin B

cos
sinC

=2R?(2sin A cos A +2sin Bcos B+2sin CcosC)
=2R?(sin 2A +sin 2B +sin 2C)

= 2R?(4sin Asin Bsin C)

= %(ZR sin A)(2R sin B)(2R sin C)

_abe_pus.
R



31. aaBc & L 3 43 C=60° & B3°F)IJ0
a+c b+c a+b+c

1 1 3
J’_

Sol. =
at+c b+c a+b+c

b+c+a+c 3

(a+c)b+c) “a+b+c
=3(a+c)(b+c)=(a+b+2c)(a+b+c)

— 3(ab+ac+bc+c?)
= (a’ +b” +2ab) +3c(a +b) + 2¢*
—ab=a’+b’ —c? =2abcosC

(from cosine rule)

:cosC=%:C=60°

2 2 2
32. cotA+cotB+cotC=aJ::;AJrC @ WP

cosA

Sol. L.H.S.= XcotA=X—
sin A

2,2 2
=X u (by cosinerule)
2bcsin A

2, 2 2
:2u '.'A:lbcsinA
4A 2

=—[b> +c?—a¥¥c? +a’
—b? +a® +b* -]

_a2+b2+c2
4A

=R.HS.

33. AABC & acos A =b cosBaa es B,250®0 K)S’DJ&DSZPZPJ 8,300 Sar

0025ty 8250250 e SHIN

Sol. acosA=bcosB

= 2R sin A cos A = 2R sin B cos B



= sin 2A = sin 2B = sin(180° - 2B)
Hence 2A = 2B or 2A = 180° - 2B
= A=BorA=(90°-B)
=a=bor (A+B)=90°
=a=borC=90°

.. The triangle is isosceles or right angled.

34. cot%:cot%:cot%=3:5:76§é§ a:b:c=6:5:4 @I WY

Sol. coté:cotE:cot9=3:5:7
2 2 2
:s(s—a).s(s—b).s(s—c) _3.5.7
A A
= (s—a):(s=b):(s—¢c)=3:5:7

s—a_ s—b s-—
3 5 7

Thens—-a=3k,s-b=5k,s-c=4k

€ _ X (say)

Adding these equations,
3s—-(a+b+c)=3k+ 5k + 7k =15k
= 3s—-2s =15k =.s = 18k
Hence a = 12k, b=:10k, c = 8k
~a:b:c=12k:10k:8k=6:5:4



35. a3cos(B-C)+ bdcos (C—A)+c3cos(A-B) =23 abc & 070
Sol. L.H.S. =X a3cos(B-C)

= Ya’(2R sin A)cos(B—C)

=R=a’ -[2sin(B + C)cos(B—C)]

= RZa’(sin 2B +sin 2C)

= RZa?(2sin Bcos B+ 2sin CcosC)

= ¥[a*(2Rsin B) cos B+ a* (2R sin C) cos C]

=Y(a’bcos B+a’ccosC)

= (a’bcos B+a’ccosC) + (b*ccos C+b’acos A) + (cacos A + c¢*bcos B)
=ab(acosB+bcosA)+be(bcosC+ccosB)+ca(ccosA +acosC)

= ab(c) + be(a) + ca(b)

=3abc = R.HS.

36. R, P, P, @ 3070 3008 Fowrody AdS aGI)Bren ©ond

12 12 Lz:C()tA‘f‘COEB'FCOtC @(co w@m
7R R A

Sol. B,B,P 2 8079 H00¢ Fozte¥ ADY aldies s°HD

1.1 1T a?+b%+¢?
NOW —2+—2+—2:—2
Pi . P37 D3 4A

= i(cot A +cotB+cotC)=R.H.S.

2 2 2
[* cot A + cot B + cot C = %]



37. OPOWOABC & (ra—r1)(rs—r1) = 2rars DShow that A = 90° @ 5°)HW

Sol. (r2—r1)(r3—r1) = 2rors3

{ A A M A A }
= — _
(s—=b) (s—a)|[(s—¢c) (s—a)

A A
(s=b) (s—¢)

A s—a—-s+b A s—a—s+c¢
(s—b)(s—a) (s—c)(s—a)
2N
~(s—b)(s—c)

= (b—a)(c—a)=2(s—a)’

(b+c—aj2
= (b—-a)(c—a)=2

2

= 2(bc—ca—ab+a?)

=b? +c* +a’ +2bc—2ca—2ab
=2a’ =b*+c +a’
=b’+c’=a’

Hence AABC is right angled and A = 90°.

38. §25520ABC & 3 (r+r1)tan(B;Cj:0 9D S5 )H0

Solution: -

C

A B . A . B .
rr =4Rs1n—cos—cos£+4Rsm—sm—s1n—
"2 2 2 2

=4R sinﬁ COS(B — Cj
2 2

. (B-C
s1n(j
> (n +r)tan(3%cjzz 4Rsin§ cos ngj Bi
cos




Z 2R{ZCOS(B+CJ sin(%cj}
Z 2R{sinB—sinC} =Z2RsinB—2RsinC

Z b—-c=b-c+c—a+a-b=0

2 2
39, Lttt = 6l Srgsn
IR o5
Sol LH.S.=iz+i2+i2+i2

2 o2 12 RY
:s_2+(s ?) LG lo) LG 20)
A A A A

=é[s2 +(s—a)® +(s—b)? +(s—c)2]

1
=—2[s2 +s?—2as+a’+s> —2bs+b? +5> —2cs+c2]
A

:é[4s2—2s(a+b+c)+a2+b2+c2]

1, a’+b>+c’

= F[4s ~25(29)| e
2 2 2

= a*:%“ =RHS.

40. Iy B B Lo s Smgsn
bc ca @b 2R

Sol. .L.H.S.= r—1+r—2JrrizL[arlererrcg]
bc ca ab abc

:L{Zwstan%}:iZ2RsinAtan% (':A:@j

abc abc 4R
sin—
=3y 2R~2sinécos—« A (-r=A/s)
abc 2 2 cosz

:4§2 sinzé :iZ —I_COSA
abc 2 A 2



1
=2—(1—cosA+1—cosB+1—cosC)
r

=i[3—(cosA+cosB+cosC)]

2r

zi 3— 1+4sinésinEsin9
2r| 2 2 2
1 4RsinésinEsin9

_1l, 2 2 2
2r| R

N YL I R Rt r
2ri R] r 2R

41. 7:R:r=2:5:12 08  4=90" e I3H)BW

Sol. Ifr:R:ri1=2:5:12,thenr =2k, R=5k and ry=.12k

DA B
—r=12k -2k =10k =2(5k)=2R :>2s1n3cos[

{ (B+C
"+ Cos

= 4Rsiné cosEcosg—sinEsin9 =2R
2 2 2 2 2

:sinészsin45°
2 2

:>§:45°:A=90°

8,559250 2,800 Ter §oeso.

42.r +r3+ 11— 12 = 4R cos B @0 X35°5)0
Sol. r+r3
:4Rsin9 sinésinEJrcosécosE
2 2 2 2 2

= 4Rsingcos A-B
2 2

ri—1ro

+C

jzl:sinzé:
2

=S1n—

2



C/l. A B A . B
=4R cos—| sin—C0S——c0s —sin—
2 2 2 22

=4Rumgsm A-B
2 2

L rtr3tri—1o

. C A-B C.[(A-B
=4R| sin—cos + cos—sin
2 2 2 2
=4Rsin E+A—E =4Rsin 90"—5—E
2 2 2 2 2

=4R cosB

42. 2.8 Boers Y Kgpeo ABC & ZJJC_S?Se’DoCSoZg) M Z)c‘% 2.8 éo“agoéjo &G08.
BC=7m,CA=8m,AB=9m 305" B 3¢ &3 3080 B Ter0 15° o8

H330%0 By Hoes?

Sol.

MN = &3J3080 &

MN =h (?)
/NBM = 15°
2 2 2
AABC &° cosC=m
2abc

_64+49-81 16x2 32

2
2x8x7  16x7 112 7

:c%sz
7

BM =x

72+ 47 —x?

ABCM &°, cosC =
2x7Tx4



2 49+16-x

7 Tx8
16=65-x>
x>=65-16=>x=7

ABMN & tan15° :E
X

h=xtan15°=7(2-+/3)

43. 28 8% DG 30 Ldeved 300008 wasiendoron. 283 Kogadd 24
km  oX0 & N 45°E 8% & 5087883 32 km D508 S 75° E &% S
5003, 3 fotoo B0 (S Lo EF S0 JoB?

Sol.

N

P is the position of the port.
A is the position of the North-East traveled ship after 3 hours is = 72 km
Position of the South-East traveled ship after 3 hours is 3 x 32 = 96 km
From the data ZAPB = 60°
In AAPB,
AP’ + BP’ — AB?
2APBP

(72)* +(96)* — AB?
2x72x96

cosP =

cos 60° =

1 722+96% — AB?

E 2x72%x96
1:5184+9216—AB2
72%96
1:14400—AB2
6912




6912 =14400 — AB?

AB? =14400-6912

AB? = 7488

AB =+/7488 =86.53 =86.4km

31. A tree stands vertically on the slant of the hill. From a point A on the
ground 35 meters down the hill from the base of the tree, the angle of elevation
of the top of the tree is 60°. If the angle of elevation of the foot of the tree from
A is 15°, then find the height of the tree.

Sol.

BD is the height of the tree and A is the point of observation.
LetCD =y

AC =x

Given that, ZCAD = 15°, £CAB =60° and AD = 35 m.

In ACAD, sin15°=—-
35

y=35sin1se = 333D (1)
22
cos15°=1
35
RN C Rl ..(2)
22

In ACAB, tan60° = h
X

hzxfz \/§+1x35x\/§
242

Height of the tree =h -y



\5+1 J3-1
ol 353 - [35

\/§+1
2\/5[ r3-34]

35x4
= =35\/§m
NP

32. The upper 3 /4t portion of a vertical pole subtends an angle Tan-13/5 at a
point in the horizontal plane through its foot and at a distance 40 m from the
foot. Given that the vertical pole is at a height less than 100 m from the
ground, find its height.

Sol.

AB is the height of the tree.

AD is the 3/4th part of upper part.of the tree.
DB is the 1/4t lower part of the tree:

Let AB =100 -x

C is the point of observation.

In ABCD,
a3 3
Let Z/DCA : O=tan gj tanezg

100—-x 1 100-—-x
=

tano = =
4 40 160

tan O + tan o
tan(0+0)=—-+—7—
l—-tanOtan o

3+100—x
100-x 5 160

40 3, 100-x
57 160




100—x 480+ 5(100—x)
40 800 —3(100—x)
100—x _ 480+500—5x
40  800-—300+3x
100—x _ 980—5x
40  500+3x
[100—x][500 +3x] = 40[980 — 5x]
50000 +300x — 500x —3x> = 39200 — 200x
= 3x% +500x — 400x = 50000 — 39200
3x2 =10800

x2 = —10200 =3600

x =+/3600 = 60

Height of the tree = 100 — x = 40 m.

33. Let an object be placed at some height h cm and let P and Q be two points
of observation which are at a distance 10 cm apart on a line inclined at angle
15° to the horizontal. If the angles of ‘elevation of the object from P and Q are

30° and 60° respectively then find h
Sol.

A is the position of the object.

Given that AB=h cm

P and Q are points of observation.
Given that, PQ = 10 cm

We have,

/BPE = 15°, Z/ZEPA = 30°, ZEQA = 60°
In APQA,

P =30° Q = 120° and A = 30°



.. By sine rule,

AP PQ

sin120° sin30°

AP _10
sin(180°—60°)  1/2

AP g AP o

sin 60° J3/2

5

AP =20x73:10\/§

In APBA, sin45°= AB
AP

1

__h
21043

h:loffi'zﬁﬁzsﬁﬁ:s@cm

34. The angle of elevation of the top point‘P of the vertical tower PQ of height h
from a point A is 45° and from a point B is 60°, where B is a point at a
distance 30 meters from the point A measured along the line AB which makes

an angle 30° with AQ. Find the height of the tower.

Sol.
p
A
h
60°
B C
45°
30°
A Qv
D

In the figure

PQ = h, ZPAQ = 45°

/BAQ = 30° and £ZPBC = 60°
Also, AB=30m

.. ZBAP = ZAPB = 15°

This gives, BP = AB = 30 and



h =PC + CD = BP sin 60° + AB sin 30°

=153 +15=15(+/3 +1) meters.

Theorem : - - &,2020 ABC 5
(1) sm— ,[ S b S C (i1) cos§= S(ic_a)
A_[(5=b)(5-C) _ A _(S-b)(5-C)
(i) tan 5" S(S a) S(S —a) = A
S(S—a) A S(S— a)

() ot = S (5—c) (S=b)(S—<) &

Proof (i) ?&S 23°B,0 006
a’+ b* +c* =2bc cos A= 2bc cos =b*+ ¢*—a’

b +c* -d?
2bc

cos4d =

2sin2§:1—cosA

- b*+ - a* 2be ~ b*= *+ a*

2bc N 2bc
2_[pie o2 9B AL
.'.2sin2£=a { N\ c} :smz[61 M
2 2be 2 4bc
Sinzéz(a-l-b—c)(a—bJrc)
2 4bc

ra+b+c=2S wehave 2§ - 2C=a+b-c

a8 _ 4 [5-0)(5-0)
Abc 2 bc
Proof (ii)
2, 2 2
2cos2£=1+cosA=1+m
2 2bc
2 2 b+ _
peot A _2bc b +c a* 2cos2A( ¢)-d
2bc 2 2bc

2A (b+c—a)(b+c+a)
2 4bc

CoS



a+b+c =25;25-2a=b+c—a

C oA _2(S-a)ZS 4 [S(S—a)
SCOS T —=———F—— = COS—=,|————=
2 ,4/176' 2 bc

4 |(5=D)(S-c)

4 Sy b-c _(8=b)(S-¢)
Proof (iii) tan——cosi— S(S—a) = S(S—a)
b-c
tanéz\/(S—b)(S—c) (5-b)(5-¢) __ (S-B)(S-¢) _(5-b)(S-¢)
2 S(S-a) (S-b)(S-c) [S(S-a)(S-b)(S—c) A

—~

ant J SO0 S(5a) _SE-a5-b)5-c) 4

2 S(S—-a) S(S—a) S(S—a) S(S'=a)
Proof of (iv)
tanA/2 Y, B, B IS B0 €6t /20 Jood $H06.

Sinéz w sinB/2 = (S—C)(S—a) Singz (S_a)(S_b)
2 be A ab
S(S-a) _[s(s=b) C [s(s-¢)
cos — = P cos — = A —
anA_ [(5=b)(S-C) /= A _(S=b)(S-c)
M7 s(5-a) | S-a) A
tan 2 = (S =c)(S ~a) A (S—c¢)(S-a)
2\ T9(S-b)  S(S-b) A
AN\ (S-a)(S-b) __ A (S—¢)(S—a)
2 S(S-c) S(S-c) A
A S(S—a) A S(S—a)




